EXERCISE SOLUTIONS, LECTURES 15-20
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15. DIRECTIONAL DERIVATIVES AND THE GRADIENT
Exercise 1. Find the gradient of f.
1) f(w,y) = 3%y — xy’
@) flz,y) =75
() f(z,y) = Va? +y?
4 f(z,y) =zIn(z) + yIn(y)
(5) f(z,y) = "W
©) flr.y,2) = =
(7) f(z,y,2) = zIn(yz)
®) f(z,y,2) = zyze™
Solution. (1)
Vf(iﬁ, y) = <633y - y3’ 31’2 - 3azy2)
(2) We write this as f(z,y) = x(x + y) . Then
0 1 1 x Yy
d(ry)=(@+y) e (z+y) )= ———2(r+y) = — =
folw,y) = (@ +y) " Hag (@ +y)7) = o —elety) ™ = —— CEERRCEE
x
ry)=—z(z+y) i= "o
So
Yy x
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T Y

Vf(x,y) = <\/x2+y2’ \/562 +y2>
(4) We have
fao(z,y) =1 (w)+:1c-§:1n(:v)+1
Fe.) =Ia(y) +y- 5 = In(y) + 1
So

Vf(z,y) = (In(z) + 1,In(y) + 1)
(5) We have by Chain Rule
folz,y) = e Wsin(y),  f,(z,y) = Pz cos(y),

SO
Vf(ayy) = ("0 sin(y), e W cos(y))

(6) We write this as f(z,y,2) = z(y + z)~'. We have

1
o(2,,2) = (y+2)7" =
fel@,y,2) = (y + 2) —
x
r,y,2) = —x(y+2) 2= —
x
(x,y,2) = —a(y+2)%=—
foz,y,2) (y +2) UEE
So
1 x x
v T,Y,z)= T T
f@:9,2) <y+z (y + 2)? (y+2)2>
(7) We have
1
frl@w2) =), o) =o—-z=2 Ly =aLy=1
(8) We have
folz,y,2) = yze™ + ayze™ - (yz) = (y2 + 2y2%)e™
fo(,y, 2) = 22e™* + 2y2e™ - (22) = (22 + 2°Y2°)e™”
fox,y, 2) = wye™ + wyze™ - (vy) = (vy + 2y°z)e™
So

Vi(z,y,2) = ((yz + 2y?2*)e™, (w2 + 2?y2?)e™, (zy + 27y2)e™)

Exercise 2. Find the directional derivative.
(1) Daf(1,1), where f(z,y) = 2® +y* and @ = (75, — 1)

(2) Daf(3,0), where f(x,y) = 2%¥ and @ = (2, —3).
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Solution. (1) Note Dzf(1,1) =@ - Vf(1,1). We have

fx(xay) = 21’, fy(xay) = 2y7
SO
VI(l1)=(2,2)

Daf(1.1) = (s =—5) - (2.2 = == — =0

V2 V2
(2) Note that Dzf(3,0) = 4 - V£(3,0). We have

f$<x7y) = 2x6y7 fy(‘r7y> - x2€y7
SO
Vf(3,0) = (6,9)

SO
3 4 18 36 18

O

Exercise 3. Find the maximum rate of increase of f at the given point, and the direction in which
it occurs.

(1) f(x,y) = sin(zy) at (1,0).
(2) f(z,y) = 22y” + 2y’ at (1,2).
(3) f(z,y,2) = zyz* + 2%y* at (1,0, —1)
Solution. (1) The direction of maximum rate of increase is the unit vector in the direction of
gradient, V f(1,0). Note

fo(z,y) = ycos(zy), fy(v,y) =z cos(zy),
Vf(1,0)=(0,1)

Since this is already a unit vector, the direction of maximum rate of increase is (0, 1). The
maximum rate of increase is |V f(1,0)| = 1.

(2) The direction of maximum rate of increase is the unit vector in the direction of gradient,
Vf(1,2). Note

fe(z,y) =20* +°,  f,(x,y) = 4oy + 3zy°
)
VF(1,2)=(2-22+2%4-2+3-2% = (16,20)
Thus the direction of maximum rate of increase is

VF(1,2)  (16,20)  (16,20)  (4,5) _ 5
IVF(1,2)] V162 +202 /656 V41 V4l V41

4/41.

)

The maximum rate of increase is |V f(1, 2)|
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(3) The direction of maximum rate of increase is the unit vector in the direction of gradient,
Vf(1,0,—1). Note
fol,y, 2) = y2° + 2002, fy(,y,2) = 22” +22%,  f.(z,y,2) = 22y2
SO
Vf(l, Oa _1) = <0> 17 0>

This is already a unit vector, so (0, 1, 0) is the direction of the maximum rate of increase.
The maximum rate of increase is |V (1,0, —1)| = 1.

U
Exercise 4. Find the tangent plane.
(1) Tangent plane to zyz = 6 at (1,2, 3)
(2) Tangent plane to z +y + z = "% at (0,0, 1)
(3) Tangent plane to z* + y* + 2* = 32?y?*2% at (1,1, 1)

Solution. (1) The surface is the level surface f(z,y,z) = 6 where f(z,y,z) = xyz. The
equation of the tangent plane is

fo(1,2,3) (@ = 1) + £, (1,2,3)(y — 2) + f2(1,2,3)( = 3) = 0
Note that
fe(@,y,2) = yz, fyle,y,2) =2z, fo(2,y,2) = a2y
SO
fx(1,2,3) =6, f,(1,2,3) =3, f.(1,2,3)=2
so the tangent plane has equation
6(z—1)+3(y—2)+2(z2—3)=0,
or
6x + 3y + 22 =18

(2) The surface is the level surface f(x,y,z) = 0 where f(z,y,2) = x + y + z — €"¥*. The
equation of the tangent plane is

f2(0,0,1)(x = 0) + f,(0,0,1)(y = 0) + £2(0,0,1)(z = 1) = 0
Note that
folz,y,2) =1 —yze™,  fx,y,2) =1—aze™, f.(2,y,2)=1—aye™*
SO
£:(0,0,1) =1, £,(0,0,1) =1, £(0,0,1) =1
so the tangent plane has equation
r+y+z—1=0

(3) The surface is the level surface f(x,y,2) = 0 where f(z,y, z) = 2% + y* + 2* — 322222
The equation of the tangent plane is

fx(l’ 17 1)(1] - 1) + fy(17 17 1>(y - 1) + fz(17 17 1)(2 - 1) =0
Note that

fx(xaya Z) = 4333 - 633y22’27 fy(xa Y, Z) = 4:1/3 - 61’23/22, fz(x7ya Z) = 423 - 61’23/22’
4



SO
f(1,1,1)=-2, f,(1,1,1)=-2, f,(1,1,1) = -2
so the tangent plane has equation
—2(x—-1)—2(y—1)—2(z—1) =0,
or
—2x —2y —22=—6
O

Exercise 5. Shown is a topographic map of Blue River Pine Provincial Park in British Columbia.
Draw curves of steepest descent from point A (descending to Mud Lake) and from point B.

Solution. You follow the negative gradient vectors. The picture is just an approximation, so there
might be certain inaccurancies in the drawing.

i DO

16. LOCAL MAXIMA AND MINIMA, CRITICAL POINTS

Exercise 1. Find the critical points and use the Second Derivative Test to determine whether

they are local minima, local maxima or saddle points.
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(1) fz,y) =2y — 20 — 2y —2° —y°

@) f(z,y) =y(e® —1)

(3) f(z,y) =2 —a + 22% —

4 f(z,y) = (62 — 2%)(dy — y*)

(5) flz,y) = (2® +y?)e®

(6) f(x,y) =sinzsiny,in -7 <z <mand -7 <y <
(7) f(z,y) =y* —2ycosz,in—1<zr<7and -3<y<3
®) f(z,y) = —(2* —1)? = (a%y — 2 — 1)?

) f(z,y) = 3we¥ — a3 — &%

Solution. (1) We first find the critical points. Note
felv,y) =y—2-2z, f)lov,y)=2-2-2

So if (x,y) is a critical point, this means

y—2—-2x=0, x—2-—2y,
or

y=2+2z, =2+ 2.

Plugging © = 2 4 2y into y = 2 + 2z, we get

y=2+2(2+2y) =6+4y,

or 6 = —3y, or y = —2. From this, we get x = 2 — 4 = —2. So there is only one critical
point, (—2, —2).
To use the Second Derivative Test, we need to compute what D(z,y) is. Note that

fee(xy) = =2, foy(z,y) =1, fy(z,y) = -2,
SO
D(@,y) = foe(@,y) fuy(@,y) = fuy(z,y)* =4 -1 =3
This is always positive. Note also that f,, is always —2 < 0, so any critical point has to

be local maximum.
(2) We first find the critical points. Note

folw,y) =ye*,  fylz.y)=€"—1
so if (x,y) is a critical point, this means
ye* =0, e*—1=0.

Since ye® = 0 means y = 0 or €* = 0, and since e” is never zero, this means y = 0. The
second equation means e” = 1, or z = In(1) = 0. Thus there is one critical point, (0, 0).
To use the Second Derivative Test, we need to compute what D(z, y) is. Note that

fox(,y) = ye",  foy(x,y) =€, fyy(z,y) =0,
SO
D(x,y) = fm(%y)fyy(%y) - fzy(xmy)Q = —e™,

This is always negative, so any critical point is a saddle point.
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(3) We first find the critical points. Note that
fola,y) = =42 + 4z, fy(2,y) = 2.

So if (x,y) is a critical point, this means
—4a® +4x =0, —2y=0.
So first of all y = 0, and we have —4x(z — 1)(x + 1) = 0. Thus x could be either 0, —1 or

1. The critical points are (0,0), (—1,0) and (1,0).
To use the Second Derivative Test, we need to compute what D(z, y) is. Note that

fue(2,y) = —122% + 4, foy(xy) =0, fyy(x,y) = =2,

so

D(z,y) = fou(@,y) fyy(z,y) — fwy(xv?J)Q = 242% — 8
Thus

D(0,0) = -8 < 0

which means that (0, 0) is a saddle point. Also,

D(=1,0) =24 -8>0, fi(-1,0)=-12+4 <0,
which means that (—1, 0) is a local maximum.

D(1,0) =24 -8>0, fu.(1,0)=-12+4<0,

which means that (1, 0) is a local maximum.
(4) We first find the critical points. Note that

falw,y) = (6 —20)(dy —v?),  fy(z,y) = (62 —2)(4 - 2y),
so if (x,y) is a critical point, it means
(6 —27)(4y —y?) =0, (62 —2%)(4—2y)=0.

The first equation means that either 6 — 22 = 0 or 4y — y*> = 0. Note also that 6 — 22 = 0
means z = 3, and 4y — y*> = 0 means either y = 0 or y = 4. So the first requirement is
eitherx =3,y =0ory = 4.

The second equation means that either 6z — x> = 0 or 4 — 2y = 0. Note also that
62 — 2> = 0 means either z = 0 or = 6, and 4 — 2y = 0 means y = 2. So the second
requirement is either x = 0,z =6 or y = 2.

So a pair (z,y) satisfying the two requirements are as follows, following the first re-
quirement first:

e If x = 3, then out of the three possible outcomes of the second requirement, x = 0,

x = 6 or y = 2, the only possibility is y = 2, so (3, 2).
o If y = 0, then out of the three possible outcomes of the second requirement, x = 0,
x = 6 or y = 2, it could possibly be either x = 0 or 2 = 6, so (0,0) or (6, 0).
e If y = 4, then out of the three possible outcomes of the second requirement, x = 0,
x = 6 or y = 2, it could possibly be either x = 0 or z = 6, so (0,4) or (6,4).
So the critical points are (3, 2), (0,0), (6,0), (0,4) and (6,4).
To use the Second Derivative Test, we need to compute what D(z, y) is. Note that

fl‘l“(xvy) = _2(4y_y2)a fmy(way) = (6_233)(4_23/)7 fyy(l',y) = —2(61'—332)
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SO

D(x,y) = foa(x,y) fyy(2.y) = foy(2,y) = 4(4y — y*)(6x — 2%) — (6 — 22)*(4 — 2y)"
We apply the Second Derivative Test to the five critical points.
o If (z,y) = (3,2), then

D(3,2) =4(8—-4)(18—=9) = 0> 0, fu(z,y)=—-2(8—-4) <0,

so (3,2) is a local maximum.

If (z,y) = (0,0), then

D(0,0) = 0 — 6%4% < 0,

so (0, 0) is a saddle point.
If (z,y) = (6,0), then

D(6,0) =0 — (6 — 12)%4% < 0,

so (6,0) is a saddle point.
If (z,y) = (0,4), then

D(0,4) =0 —6%(4 — 8)* < 0,

so (0,4) is a saddle point.
If (z,y) = (6,4), then

D(6,4) =0 — (6 —12)*(4 — 8)* < 0,

so (6,4) is a saddle point.
(5) We first find the critical points. Note that

folw,y) =20e™ — (2" +y")e ™™ = (2w —a2” —y*)e ™™, fy(a.y) =2ye ",
so if (z,y) is a critical point, it means that

(22 —2? —y*)e =0, 2ye*=0.

Since e~ % is never zero, this means
2r — 2> —y? =0, 2y=0.

Soy = 0, and 2o — 22 = 0, which means either = 0 or x = 2. So the critcial points are
(0,0) and (2,0).

To use the Second Derivative Test, we need to compute what D(z, y) is. Note that

Fre(,y) = (2= 20)e™ — (20 — 2% — yP)e™™ = (2 — 4z + 2+ yD)e
fxy(xay) = _de—x’
fuy(x,y) =27,

So
D(2,y) = fou(@,y) fo(2,y) = fay(2,9)* = (4 — 82 + 22" + 2y)e™" — dyPe™™

e For the critical point (0, 0), we have

D(0,0)=4>0, f.(0,0)=2>0,

so (0, 0) is a local minimum.



e For the critical point (2, 0), we have
D(2,0) = (4 — 16 +8)e™* < 0,

so (2,0) is a saddle point.
(6) We first find the critical points. Note that

fo(z,y) = cosxsiny, f,(x,y) =sinzcosy,
so if (x,y) is a critical point, it means
cosxsiny =0, sinxcosy = 0.

So the first requirement is either cosz = 0 or siny = 0, and the second requirement is
either sinz = 0 or cosy = 0.
e If cosx =0, then sinz # 0, so cosy = 0.
e If siny = 0, then cosy # 0, so sinz = 0.
So (x,y) is a critical point if either cosz = cosy = 0 or sinz = siny = 0.
e If cosz = cosy = 0, then it means w,y are either § or —7. So the critical points
coming out of this possibility are (=3, —%), (=5, %), (5, —%), (5, 5)-
e If sinx = siny = 0, then it means z, y are both 0, so the critical point coming out of
this possibility is (0, 0).
So the critcial points in the region are (—75, —%), (=5, %), (5, —5), (5, 5) and (0,0).
To use the Second Derivative Test, we need to compute what D(z, y) is. Note that

faz(x,y) = —sinzsiny, fi,(z,y) =cosxzcosy, fy(x,y)=—sinzsiny,
SO
D(x,y) = sin® zsin” y — cos® x cos® y.
e For the critical point (=5, —7), we have
T ow T 7w
D(—=,—=)=1>0, fu(l-7,—%)=-1<0,
(2.0 frl 2T
so (—%,—%) is a local maximum.
e For the critical point (—7, ), we have
T Tom
D(—=,=)=1>0 w(—=,=)=1>0,
so (—7%, ) is a local minimum,
e For the critical point (3, —7), we have
T ow T oow
D(=,—=)=1>0 ez, —=)=1>0,
so (5, —%) is a local minimum.
e For the critical point (3, —7), we have
T oow T ow
D=, ——=)=1>0 (=, —=) = —1<0,
so (5, —%) is a local maximum.

For the critical point (0, 0), we have
D(0,0) = —1 < 0,
so (0, 0) is a saddle point.



(7) We first find the critical points. Note that

fa(z,y) =2ysinz, f,(r,y) =2y —2cosuz,
so if (x,y) is a critical point, we have
2ysine =0, 2y —2cosz = 0.
So y = cosx, and either y = 0 or sinx = 0. If y = 0, then cosx = 0, which means that

= T m 3m 5T ... Since —% ~ —1.57, 37“ ~ 4.71, 57” ~ 7.85, the points in the

) 99193 9 9

range —1 < x < Tarex = § and 37” If sinx = 0, then cosx could be either 1 or —1, so
y = 1 or —1. Note also that sinz = 0 in the range —1 < x < 7 means x = 0, 7 or 27,
because 3w ~ 9.42 > 7 and —7 ~ —3.14 < —1. So the critical points are (%,0), (2£,0),
(0,1), (0,=1), (m, 1), (m, —1), (27, 1), (27, —1).

To use the Second Derivative Test, we need to compute what D(z, y) is. Note that

fmm(xay) = 2y cosz, fzy(x7y) = 2sinw, fyy(xay> =2

So
D(x,y) = 4ycosx — 4sin® z.

e For the critical point (7, 0), we have

D(5,0) = —4 <0,
so (5,0) is a saddle point.
e For the critical point (2, 0),
3
D@%JD=—4<Q

so (2£,0) is a saddle point.
e For the critical point (0, 1), we have

D(0,1) =4>0, fu(0,1)=2>0,

so (0, 1) is a local minimum.
e For the critical point (0, —1), we have

D(0,~1) = —4 < 0,
so (0, —1) is a saddle point.
e For the critical point (7, 1),
D(m,1) = —4 <0,
so (m, 1) is a saddle point.
e For the critical point (7, —1),
D(m,—1)=4>0, foo(m,—1)=2>0,
so (m, —1) is a local minimum.
e For the critical point (27, 1),
D(2m,1)=4>0, fo.(27,1)=2>0,

so (27, 1) is a local minimum.
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e For the critical point (27, —1),
D(2m,—1) = -4 <0,

so (2m, —1) is a saddle point.
(8) We first find the critical points. Note that

folz,y) = =2(2*—=1)-(22) —2(z°y—2—1)- 2oy — 1) = —dw(2* —1) = 2(2zy — 1) (z*y —x — 1),
fyla,y) = =2(2’y — 2 — 1) - (%) = —22%(2%y —x — 1),
So if (x,y) is a critical point, this means
—dx(z? —1) - 222y — 1)(2®y —2 - 1) =0, —22%(2*y—x—1)=0.
The second requirement means either x = 0 or 2%y —x — 1 = 0.
e If x = 0, then the first requirement becomes
—2(=1)(=1) =0,
which is absurd.
o If 22y — x — 1 = 0, then the first requirement becomes
—4x(z* - 1) =0,
soeitherz =0,z =1lorz = —1.
- If z = 0, then 2%y — 2 — 1 = 0 becomes —1 = 0, which is absurd.
- Ifx = 1,then2?y — 2 — 1 = 0 becomesy —2 = 0,ory = 2. So (1,2) isa
critical point.
- Ifz = —1, then 2’y — v — 1 = 0 becomes y = 0, so (—1,0) is a critical point.

So the critical points are (1,2) and (—1,0).
To use the Second Derivative Test, we need to compute what D(z, y) is. Note that

fro(z,y) = —4(a® = 1) — 4z - (22) — 2(2y)(¢®y — x — 1) — 2(2zy — 1)(2zy — 1)
= —4(z% — 1) — 822 — 4y(2®y — 2z — 1) — 2(22y — 1)?
foy(7,y) = —2(22)(2*y — v — 1) — 2(27y — 1)2?
fou(z,y) = —22%,

Note that for both (z,y) = (1,2) and (—1,0), we had 2%y — x — 1 = 0 and 2> = 1. Using
this, we have

fe(1,2) = =8 —2(4 — 1)* = —8 — 18 = —26,
fay(1,2) = =2(4 — 1) = —6,
fuy(1,2) = =2,
so D(1,2) = 52 — 36 > 0, and f,,(1,2) < 0, so (1,2) is a local maximum. For (—1,0),

we have

fxy(—l,(]) = _2(_1) =2,

fyy(_1>0) = -2,
so D(—1,0) =20 —4 > 0, and f,,(—1,0) <0, so (—1,0) is a local maximum.
1



(9) We first find the critical points. Note that
folz,y) = 3e¥ — 322, f,(z,y) = 3we? — 3%,
so if (x,y) is a critical point, it means
3eY — 322 =0, 3we¥ —3e¥ =0.

The second requirement says 3xe? = 3¢, or z = e¢?. The first requirement says 3¢¥ =
322, or eV = 2. Thus,

r=e%=(e¥)? = (2?)* = 2.
This means either xt = Qor 2® = 1, or x = 1. If x = 0, then ¢?¥ = 0, which is absurd. If

x =1, then %Y = 1, so y = 0. Thus there is only one critical point, (1,0).
To use the Second Derivative Test, we need to compute what D(z, y) is. Note that

fxx(xay) = _6:[}7 fxy<w7y) = 361/’ fyy(xay) = 3xey - 9€3y'
So
fa:ac(lao) = —6, fxy(LO) =3, fyy(laO) = —6.
So
D(1,0)=36—9>0, fu.(1,0)=—6<0,

so (1,0) is a local maximum.

17. GLOBAL MAXIMA AND MINIMA

Exercise 1. Find the global maximum minimum values of f(z,y) on the region D.

(1) f(z,y) = 2% + y* — 2z, and D is the triangular region with vertices (2,0), (0,2) and
(0, —2), including boundaries.

(2) f(x,y) = x+y—zy, and D is the triangular region with vertices (0, 0), (0, 2), and (4, 0),
including boundaries.

@3) flr,y) =22+ y* + 2%y +4,and D = {(z,y) | |[z| < 1, |y| < 1}.

@) f(z,y)=2>+zy+y*>—6y,and D = {(z,y) | —3<x2<3,0<y<5}.

G5) flz,y) =2 +2y* =20 —4y+ L,and D = {(z,y) | 0 <2 <2,0 <y <3}

Solution. (1) We first find the critical points. Note that

fx(x,y)IQx—Z, fy<x7y):2y7
so if (x,y) is a critical point, then 2x — 2 = 0 and 2y = 0, which means that x = 1 and
y = 0. Since (1, 0) is inside the region D, there is a critical point and it is (1, 0). The value
of f(z,y) at the critical point (1,0) is f(1,0) = —1.
The boundary of the region D is naturally divided into three parts.
o [, = {(x,2—1x)| 0 <z < 2}, the line connecting (2,0) and (0,2): on L, the
function f(x,y) becomes
fx,2—2)=2*+(2—2)* —2r =22 — 6 + 4
Finding the maximum and the minimum values of f on L; amounts to finding the
global maximum and minimum values of f(z) = 222 — 6z + 4 on 0 < x < 2. This
function has the critical point when f'(z) =42 — 6 =0,or z = % At this point, the

value of f is f(%) =2 % —6- % +4 = —%. There are two boundary points, z = 0
12



and x = 2, and at them the values of f are f(0) = 4 and f(2) =8 — 12+ 4 = 0.
Thus, among those values, the largest is 4 and the smallest is —%. Thus, on L, the
maximum value of f is 4, and the minimum value of f is —%.

e L, = {(0,y) | —2 <y < 2}, the line connecting (0,2) and (0, —2): on Ly, the
function f(x,y) becomes

f0,y) =y

Finding the maximum and the minimum values of f on L, amounts to finding the
global maximum and minimum values of f(y) = y* on —2 < y < 2. This function
has the critical point when f’(y) = 2y = 0, or y = 0. At this point, the value of f
is f(0) = 0. There are two boundary pointst, y = —2 and y = 2, and at them the
values of f are f(—2) = f(2) = 4. Thus, among those values, the largest is 4 and the
smallest is 0. Thus, on L, the maximum value of f is 4, and the minimum value of f
is 0.

o L3 = {(xr,z —2) |0 <z < 2}, the line connecting (0, —2) and (2,0): on L3, the
function f(x,y) becomes

flz,z —2) =2+ (r —2)* =22 = 22% — 62 + 4

Finding the maximum and the minimum values of f on L3 amounts to finding the
global maximum and minimum values of f(z) = 22°> — 6z +40on 0 < z < 2. This is
exactly the same problem as the problem on L4, so we know that, on L3, the maximum
value of f is 4 and the minimum value of f is —%.
Among all these values, the maximum value is 4, and the minimum value is —1.
(2) We first find the critical points. Note that

felmy) =1—y, fylz,y)=1—-x

so if (x,y) is a critical point, then 1 —y = 0 and 1 — x = 0, which means that x = 1 and
y = 1. Since (1, 1) is inside the region D, there is a critcial point and it is (1, 1). The value
of f(z,y) at the critical point (1,1) is f(1,1) = —1.
The boundary of the region D is naturally divided into three parts.
e L, ={(0,y) | 0 <y < 2}, the line connecting (0,0) and (0, 2): on L, the function
f(z,y) becomes
f0,y) =y
Finding the maximum and the minimum values of f on L; amounts to finding the
global maximum and minimum values of f(y) = y on 0 < y < 2. Obviously, the
minimum value is 0 and the maximum value is 2.
e Lo = {(4—-2y,y) | 0 <y < 2}, the line connecting (0,2) and (4,0): on Lo, the
function f(x,y) becomes

fA=2y,y)=(4-2y)+y— (4—2y)y =4 -5y + 2y’

Finding the maximum and the minimum values of f on L, amounts to finding the
global maximum and minimum values of f(y) = 4 — 5y + 2y? on 0 < y < 2. This
function has the critical point when f'(y) =4y —5=0,0ry = %. At this point, the
value of f is f(%) =4-5- % +2- % = g. There are two boundary pointst, y = 0 and

y = 2, and at them the values of f are f(0) = 4 and f(2) = 4 — 10 + 8 = 2. Thus,
13



among those values, the largest is 4 and the smallest is g. Thus, on L+, the maximum
value of f is 4, and the minimum value of f is g.

e L3 ={(z,0) | 0 <z < 4}, the line connecting (0,0) and (4,0): on L3, the function
f(z,y) becomes

f(z,0) =2z

Finding the maximum and the minimum values of f on L3 amounts to finding the
global maximum and minimum values of f(z) = z on 0 < z < 4. Obviously, the
minimum value is 0, and the maximum value is 4.

Among all these values, the maximum value is 4, and the minimum value is —1.
(3) We first find the critical points. Note that

folm,y) =22+ 22y =22(1+y), fyz,y)=2y+2*

so if (z,y) is a critical point, then 2z(1 + y) = 0 and 2y + 22 = 0. The first requirement
says eitherx =0or1+y =0,0ory = —1.
e If z = 0, the second requirement says that 2y = 0, or y = 0. So (0,0) is a critical
point.
o If y = —1, the second requirement says that —2 + 22 = 0, or > = 2. Thus either
z = v/2 or —v/2. On the other hand, |\/§ | > 1, so these critcial points do not belong
to the region D.
So, there is one critical point, (0, 0). The value of f(z, y) at the critical pointis f(0,0) = 4.
The boundary of the region D, which is a square, is naturally divided into four parts.
o [ ={(—1,y) | —1 <y <1}:on Ly, the function f(z,y) becomes

f(-Ly) =1+ +y+4=9"+y+5

Finding the maximum and the minimum values of f on L; amounts to finding the
global maximum and minimum values of f(y) = > +y + 5on —1 < y < 1. The
critical point of f(y) happens when f'(y) = 2y +1 = 0, or y = —%. At the critcial
point, the value of f is f (—%) = }l — % +5 = %. There are two boundary points,
y = —1l and y = 1, and at them the values of f are f(—1) = 5 and f(1) = 7. So, on
L4, the maximum value of f is 7, and the minimum value of f is 14—9.

e Lo ={(z,1)| — 1<z <1}:o0n Ly, the function f(z,y) becomes
flz,)=2>+1+2°+4=22"+5

Finding the maximum and the minimum values of f on L, amounts to finding the
global maximum and minimum values of f(z) = 22? + 5 on —1 < z < 1. This
function has the critical point when f'(z) = 42 = 0, or # = 0. At this point, the
value of f is f(0) = 5. There are two boundary points, z = —1 and z = 1, and at
them the values of f are f(—1) = f(1) = 7. Thus, among those values, the largest is
7 and the smallest is 5. Thus, on L, the maximum value of f is 7, and the minimum
value of f is 5.
e L3 ={(1,y) | —1 <y <1}:o0n L3, the function f(z,y) becomes

flLy) =1+ +y+d=9y*+y+5

Finding the maximum and the minimum values of f on L3 amounts to finding the

global maximum and minimum values of f(y) = y*> +y + 5 on —1 < y < 1. This
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is exactly the same situation as that over L, so we know that, on L3, the maximum
value of f is 7, and the minimum value of f is %.
o Ly={(x,—1)| —1 <z <1}: on Ly, the function f(z,y) becomes

flz,-) =2 +1—-2*+4=5

So the maximum and minimum of f on L, are both 5.
Among all these values, the maximum value is 7, and the minimum value is 4.
(4) We first find the critical points. Note that

fm(x,y):2$+y, fy(x7y>:x+2y_67

so if (x,y) is a critical point, then 2z + y = 0 and = + 2y — 6 = 0. To solve this system of
linear equations, we make the first equation into y = —2x, and plug this into the second
equation, which yields z + 2(—2z) — 6 = 0, or =3z — 6 = 0, or x = —2. From this, y = 4.
Since (—2,4) is in the region of D, (—2,4) is a critical point. The value of f(x,y) on this
pointis f(—2,4) =4 -8+ 16 — 24 = —12.

The boundary of D, which is a rectangle, is naturally divided into four parts.

o L1 ={(-3,y)| 0 <y <5}:on Ly, the function f(z,y) becomes

f(=3,y)=9-3y+y"—6y=y"—9y+9

Finding the maximum and the minimum values of f on L; amounts to finding the
global maximum and minimum values of f(y) = y*> — 9y + 9on 0 < y < 5. This
function has the critical point when f'(y) = 2y —9 = 0, or y = 2. At this point, the
value of f is f(%) = % — % +9 = —44—5. The boundary points are y = 0 and y = 5,
at which the values of f are f(0) = 9 and f(5) = 25 — 45+ 9 = —11. Thus, on L,
the maximum value of f is 9, and the minimum value of f is —%.
o Lo ={(z,5)| —3 <z <3}:on Ly, the function f(z,y) becomes

f(z,5) =2? + 50 +25-30=2"+52 -5

Finding the maximum and the minimum values of f on L, amounts to finding the
global maximum and minimum values of f(z) = 2> + 5z — 5 on —3 < x < 3. This
function has the critical point when f'(z) = 2z+5 = 0, or # = —3. At this point, the
value of fis f(—3) = 2 —2—5 = —25 The boundary points are z = —3and z = 3,
at which the values of f are f(—3) =9—15—5= —11and f(3) =9+15—-5 = 19.
Thus, on Ls, the maximum value of f is 19, and the minimum value of f is —41.

e L3={(3,y) |0 <y <5} on Ls, the function f(z,y) becomes
fBy)=9+3y+y*—6y=y>—3y+9

Finding the maximum and the minimum values of f on L3 amounts to finding the
global maximum and minimum values of f(y) = y* — 3y + 9. This function has the
critical point when f'(y) = 2y —3 = 0, or y = 2. At this point, the value of f is
f(2) =9 — 249 = 2. The boundary points are y = 0 and y = 5, at which the
values of f are f(0) = 9and f(5) = 25 — 15+ 9 = 19. Thus, on L3, the maximum
value of f is 19, and the minimum value of f is %7.

e Ly={(z,0)| —3 <z <3}:on Ly, the function f(z,y) becomes
f(z,0) =2
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Finding the maximum and the minimum values of f on L, amounts to finding the
global maximum and minimum values of f(z) = 2% on —3 < z < 3. This function
has the critical point when f/'(z) = 2z = 0, or z = 0. At this point, the value of
fis f(0) = 0. There are two boundary points, x = —3 and z = 3, at which the
values of f are f(—3) = f(3) = 9. Thus, on Ly, the maximum value of f is 9, and
the minimum value of f is 0.
Combining these, the maximum value of f is 19, and the minimum value of f is —12.
(5) We first find the critical points. Note that

fz(x,y)=2x—2, fy(ﬁ,y)=4y—4

so if (z,y) is a critical point, then 2z —2 = 0and 4y —4 = 0, or x = 1 and y = 1. This
is in the region of D, so (1,1) is the critical point, at which the value of f is f(1,1) =
1+2-2-441=-2.

The boundary of D, which is a rectangle, is naturally divided into four parts.

o [; ={(0,y) | 0 <y < 3}: on Ly, the function f(z,y) becomes

f0,y) =2 =4y +1

Finding the maximum and the minimum values of f on L; amounts to finding the
global maximum and minimum values of f(y) = 2y*> — 4y + 1 on 0 < y < 3. This
function has the critical point when f'(y) = 4y — 4 = 0, or y = 1. At this point, the
value of f is f(1) = 2 —4 4+ 1 = —1. There are two boundary points, y = 0 and
y = 3, at which the values of f are f(0) = 1 and f(3) = 18 — 12+ 1 = 7. Thus, on
L4, the maximum value of f is 7, and the minimum value of f is —1.

e Lo ={(z,3) ]| 0 <z <2}:on Ly, the function f(x,y) becomes

f(,3)=a*+18-2r —12+1 =220 +7

Finding the maximum and the minimum values of f on L, amounts to finding the
global maximum and minimum values of f(z) = 22 —2x4+70n0 < z < 2. This
function has the critical point when f’(x) = 2z — 2 = 0, or x = 1. At this point, the
value of f is f(1) = 1 — 2+ 7 = 6. There are two boundary points, z = 0 and = = 2,
at which the values of f are f(0) = 7and f(2) =4 — 4+ 7 = 7. Thus, on L,, the
maximum value of f is 7, and the minimum value of f is 6.

e L3={(2,y) |0 <y < 3}: on Ls, the function f(z,y) becomes

fy)=4+2 —4—dy+1=2y>—4dy+1

Finding the maximum and the minimum values of f on L3 amounts to finding the
global maximum and minimum values of f(y) = 2y*> — 4y + 1 on 0 < y < 3. This
situation is identical to the situation over L1, so on L3, the maximum value of f is 7,
and the minimum value of f is —1.

e Ly={(z,0) |0 <z <2} on Ly, the function f(x,y) becomes

f(z,0) =2 — 22+ 1

Finding the maximum and the minimum values of f on L, amounts to finding the
global maximum and minimum values of f(z) = 2> — 2z + 1 on 0 < z < 2. This
function has the critical point when f’(x) = 2z — 2 = 0, or z = 1. At this point, the

value of fis f(1) = 1 —2+ 1 = 0. There are two boundary points, z = 0 and x = 2,
16



at which the values of f are f(0) = 1 and f(2) = 4 — 4+ 1 = 1. Thus, on Ly, the
maximum value of f is 1, and the minimum value of f is 0.
Combining all of these, we find that the global maximum value of f(z,y) on D is 7, and
the global minimum value of f(x,y) on D is —2.

O
Exercise 2. Find the shortest distance from the point (2,0, —3) to the plane x + y + z = 1.

Solution. If (x,y, z) is on the plane x + y + z = 1, the value of z is expressed in terms of the
values of z,y via 2 = 1 — & — y. The question is equivalent to asking the global minimum value

of

flay) = V2 -2 +(0-yP+(-3-(1—-z-y))
Since the distance from a point on the plane x +y + 2z = 1 to (2,0, —3) grows larger as the point
veers off towards infinity, there is no boundary point to be considered. Thus, we just need to find
the critical points of f(x,y) and take the minimum values of f on the critical points.
The function f(x,y) is

fla,y) =V -2+ 2+ (x+y—4)2=/(22 — 4z +4) + y* + (22 + 3> + 16 — 8z — 8y + 2zy)

= /222 4 2zy + 2y2 — 122 — 8y + 20
The point (z, y) is a critical point if
4o + 2y — 12 20 +y—6

1‘1‘7 = = :0
Jal@:9) 24/22% 4 2zy + 2y2 — 120 — 8y + 20 /222 + 2zy + 2y% — 122 — 8y + 20
and

20 4+ 4y — 8 x4+ 2y —4
fy(xvy)

T 2207 f 20y 1 27 12z 8y + 20 /222 + 20y + 2y — 12z — 8y + 20 =0
This means that 2x +y — 6 =0and v + 2y — 4 = 0, or

20+y=6, rv+2y=4
The second equation means z = 4 — 2y, and we can plug this into the first equation:

2(4—-2y)+y=6,

or2—3y =0, ory:%.Fromthis,xzél—%:%.The shortest distance is thus f(%,%),givenby
8 2 64 16 4 8 2
- -)=1/2-—+2- —+2- - —12- - —-8--+420
f(3’3) \/ 9 * 9 * 9 3 3jL
168 112
=\/——-—+20
9 3 *

56 112 56 1
S B TR Y WY SN, v W
3 3 % \/ 3 T2 \/;

Exercise 3. Find the point on the plane = — 2y + 3z = 6 that is closest to the point (0, 1, 1).
17



Solution. If (z,y, z) is on the plane © — 2y + 3z = 6, the value of x is expressed in terms of the
values of y, z via v = 2y — 32+ 6. The question is equivalent to asking the point that the function

fly:2) = V(0= (2y =32 +6))2 + (1 —y)2 + (1 - 2)?

achieves its global minimum. Since the distance from a point on the plane v — 2y 4+ 32 = 6 to
(0,1, 1) grows infinitely larger as the point veers off towards infinity, there is no boundary point
to be considered. Thus, we just need to find the critical points of f(y, z) and take the minimum
values of f on the critical points.

The function f(y, z) is

Fly,2) = V(0= 2y = 3246))2+ (1 —y)* + (1 - 2)?
= /(492 + 9224+ 36 — 12y2 + 24y — 362) + (y2 — 2y + 1) + (22 — 2z + 1)

= /by? + 1022 — 12yz + 22y — 382 + 38
The point (y, 2) is a critical point if
10y — 122 + 22 oy — 6z + 11

f y7Z = — — 0
(9:2) 24/5y2 + 1022 — 12yz + 22y — 382 + 38 /by? + 1022 — 12y2 + 22y — 382 + 38
and
20z — 12y — 38 10z — 6y — 19
fz(y7 Z) - 0

B 24/5y? + 1022 — 12yz + 22y — 382 + 38 B VY2 + 1022 — 12yz + 22y — 382 + 38

19

This means that 5y —62+11 = 0 and 102 — 6y — 19 = 0. The second equation means z = %y—l— 10’

which can be plugged into the first equation to obtain

3 19
S5y —6(zy+ —)+11 =0,

5 10
or

7 2

—y— = =0,

57 5
ory:%.Fromthis,z:%-%+%:%,andx:2-§—3~%+6:%.Thus,theclosestpoint
is (5,229 O

147714/

Exercise 4. Find the point on the surface z = z? + y? that are closest to the point (5, 5, 0).

Solution. If (x,y, z) is on the surface, the value of z is expressed in terms of the values of z, y via
z = 1?2 + y*. The question is equivalent to asking the point that the global minimum value of

fla,y) = V(& =572+ (y = 5) + (2% +y* — 0)2

is achieved. If x or y goes to infinity or negative infinity, this function goes to infinity, so there
is no need to worry about the boundary. Thus, we just need to find the critical points of f(x,y)
and take the minimum.

The function f(z,y) is

fl,y) = (=52 +(y =52+ (22 + 42— 0)2 = /(22 — 10z + 25) + (y2 — 10y + 25) + (24 + 2222 + 3

= /at + 2222 + yt + 22 + y2 — 10z — 10y + 50
18



The point (z,y) is a critical point if

43 + dxy® + 22 — 10

fx(xa y) =

2¢/xt + 22292 + y* + 22 + 32 — 10z — 10y + 50
203 +2xy° + w0 — 5

= :0
Vot 4 2222 + yt + 22 + y2 — 10z — 10y + 50

and
4y + 4y + 2y — 10
fy(x7y> =
2¢/7t + 22292 + y* + 22 + 32 — 102 — 10y + 50
_ 20y +2y° +y — 5 _ 0
VvVt + 222y + yt + 22 + 42 — 102 — 10y + 50
This means

208 + 20+ —5=0, 22%y+2+y—-5=0
Subtracting the second equation from the first equation, we get

(22° + 2zy* + v —5) — (20%y + 2y +y — 5) = 0,
or

203 — 2%y + 20y — 2P +x —y =0
,0r
(r —y) (222 + 2 +1) =0
Since 222 + 2y? + 1 > 1 is never zero, this means z — y = 0, or # = y. Using this, the first
equation becomes
20 + 22 + 2 —5 =0,

or 423+ 1z —5 = 0. This can be factorized as (x — 1) (4z? +4x+5) = 0. Note that 4z? +4x+5 = 0
has no roots (alternatively, 422 + 4z + 5 = (2z + 1)?> + 4 > 4 is never zero), so the critcial points

can happen only if # = y = 1. Then z = 2. This point, (1,1, 2), is thus the point that is closest
to (5,5,0). [

Exercise 5. Find the points on the surface y*> = 9 + xz that are closest to the origin.

Solution. If (x,y, z) is on the surface, then either y = /9 + zz or y = —/9 + xz. Since the
distance from (z, y, z) to (0,0, 0) is the same as the distance from (x, —y, 2) to (0,0, 0), you only
need to consider y = /9 + 2 to find the closest distance. The problem of finding the closest
distance to the origin becomes the problem of finding the global minimum value of

flz,2) =22+ (9+a2)+ 22 =Va2+x2+ 22 +9

As before, the global minimum does not show up as z, z go to infinity. The critical points happen
when

20+ z
fx(LE,Z): =Y
Va2 +xz+22+9
T+ 2z
fo(z, 2)

= :O
Ve +xz+ 2249
so this means
204+2=0, z+22=0
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The second equation is © = —2z, so plugging this into the first equation, we get 2(—2z) + z = 0,
or =3z = 0, or z = 0, so x = 0. So the closest distance is f(0,0) = 9 and happens at (0, 3,0).
Since the same distance is achieved at (0, —3, 0), the points on the surface closest to the origin

are (0,3,0) and (0, —3,0). O

18. LAGRANGE MULTIPLIERS

Exercise 1. Find the global maximum and minimum values of f subject to the given constraint.

(1) f(z,y) =2* -y onx +y =1
(2)fxy)—xey onx +y?=2

(
() f(x.9) = oy, ona? + 4 = 1
@) f(x,y,z )—a:yzonw +y —l—z =4
5) f(z,y,2) = z* —|—y + 22, onx —|—y + 22 4oy =12
©) flz,y,2) =2 +y* + 2 ona? + >+ 22 =1

Solution.

(1) The constraint is g(x,y) = 1 where g(x,y) = 2> 4+ y*. So the global max/min can occur
at the Lagrange critical points, namely when V f(z,y) and Vg(x,y) are parallel. Since
Vf(z,y) = (2z,—2y) and Vg(z,y) = (2x,2y), this happens either when Vg(x,y) =
(0,0), which is when x = y = 0, which contradicts 22 + > = 1, or there is A such that
(2x, —2y) = \(2x, 2y). Since 2x = 2\, either A = 1 or z = 0.

o If \ = 1, then —2y = 2y,s0y = 0. Then 22 = 1, so f(x,y) = 1.

o Ifz =0, theny? = 1,s0 f(x,y) = —1.

So the global max is 1 and the global min is —1.

(2) The constraint is g(x,y) = 2 where g(x,y) = 2 + y*. So the global max/min can occur
at the Lagrange critical points, namely when V f(z,y) and Vg(x,y) are parallel. Since
Vf(x,y) = (e¥,ze¥) and Vg(x,y) = (2x,2y), This happens either when Vg(z,y) =
(0,0), which is when x = y = 0, which contradicts 2? + y*> = 2, or there is A such that
(e¥, ze¥) = N2z, 2y). So 2\z? = 2)y, so either A = 0 or 22 = y,.

e If A = 0, then ¢¥ = 0, which is a contradiction.

o If 22 = y, then 22 + y*> = 2 becomes z* + 2> — 2 = 0. This factorizes into (22 —
1)(z% + 2) = 0. So either z*> = 1 or x* = —2. Since z? is positive, 2> = 1, so either
x=1lorz=—1. Thusy = 1.

So the Lagrange critical poitns are (1,1) and (—1,1). Since f(1,1) = eand f(—1,1) =
—e, the global max is e and the global min is —e.

(3) The constraint is g(z,y) = 1 where g(x,y) = z* + y*. So the global max/min can occur
at the Lagrange critical points, namely when V f(z,y) and Vg(:c, y) are parallel. Since
Vi(z,y) = (ye ™ v — 22ye~ "V ze=*"V" — 2zy2e*""¥") and Vg(z,y) = (2, 2y),
they can be parallel if there is A such that

(1—22%)ye ™Y =2 2, (1 —2y)ze ¥ =2\y.
So
(1 =222V = 2zy = (1 — 2y°)a2e > Y
sO

(1—22%)y" = (1 - 2y°)a”
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Expanding out we get
y? — 222 = 22 — 2y’
or y? = z2. So either x = yorx = —y. Using 2> + 3> = 1, we get 222 = 1, or v = L

V2
or _\/Li' The function 22 + y? is set to be 1, and xy is maximized when x = y which is

1/2 and minimized when x = —y which is —1/2. So the global maximum is % and the
1

2

(4) The constraint is g(z,y, 2) = 4 where g(z,y, 2) = 2% + 3> + 22

Vi@,y,2) = 'z 2zyz,29%), Vg(o,y,2) = (22,2y,22)
In order for them to be parallel, either Vg is zero or there is A such that Vf(x,y,z) =
AVy(z,y, 2).

o IfVg(z,y,z) = (0,0,0), thenx = y = z = 0, which cannot happen as ¥ + 3>+ 2% =
4

e If there is A such that V f(x,y, z) = AVyg(z,y, z), then

global minimum is —

iz =2 x, 2uxyz =2\y, a2y’ =2z
So
ry’z = 2027, xytr = Ny, zytz = 2022
o)
2)2? = \y? = 2022
so either A = 0 or 22? = y? = 222,
- If A = 0, then y?2 = 0, which means either 4y = 0 or z = 0. In either case,
f(z,y,2) = 0.
- If 222 = y? = 222, we use this with 2% + 3*> = 2% = 4 to get
2+ 22% + 2% =4,

orz?=1,orz=1orx=—1.Theny? =2,and 2> =1,s02 = lor z = —1.
Thus f(x,y, 2) is either 2 or —2.
Combining all these, the global maximum is 2 and the global minimum is —2.
(5) The constratint is g(z,y, 2) = 12 where g(z, vy, 2) = 2* + > + 2* + 2.

Vi(z,y,z) = (22,2y,22), Vyg(z,9,2) = (2v +y,2y + z,22)

For them to be parallel, either Vg(z,y, z) is zero or there is A such that Vf(z,y,2) =
AVy(z,y, z).
o IfVg(x,y,2) =(0,0,0), then z = 0, and 2z +y = 0 and 2y + = = 0. This solves into
r—y = 0,501 = y,s0x = y = 0. This in turn is impossible as 22 + 3>+ 2% +xy = 12.
e If there is A such that V f(x,y, z) = AVyg(z,y, z), we have
20 = A2z +vy), 2y=M2y+=x), 2z=2\z

From the third equation, either A = 1 or z = 0.
- If A\ =1, we have
20 =2x+vy, 2y=2w+zx

soz = 0 and y = 0. The constraint then becomes z? = 12, at which f(z,y, z) =
12.
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- If z = 0, we have
20 = A2z +vy), 2y=A2y+2)
Adding these two, we get
2 +y) =3z +y)

so either x +y = 0 or 2 = 3\
* Ifx+y=0,ory =—x, we get 2z = Az, so either A\ =0 or x = 0.

- If A = 0, then this means x = y = z = 0, which is not allowed.
- If # = 0, then y = 0, and we already had z = 0, so z = y = z = 0 which
is not allowed.
« If \ = 2, then 2z = 2(2z + y) implies 6z = 4z + 2y, or 2z = 2y, or
x = y. Putting this into the constraint, we get 3x2 = 12, or 2 = 4. So

flz,y,2) =8.
Combining all these, we get 8 is the global minimum, and 12 is the global maximum.

(6) The constraint is g(xz,y, 2) = 1 where g(z,y, 2) = 2% + y* + 22
Vi(z,y,2) = (42°,4y°,42°),  Vg(z,y,2) = (22,2y,22)
For them to be parallel, either Vg(z,y, z) is zero or there is A such that V f(z,y,2) =
AVy(z,y, z).
o If Vy(z,y,2) = (0,0,0), 2 = y = 2 = 0, which is not allowed as 2% + 3> + 22 = 1.
e If there is A such that V f(x,y,2) = AVyg(z,y, z), then
4o = 2z, 4P =2y, 42° =2\z

So from the first equation, either z = 0 or 2% =\
- If z = 0, the second equation says either y = 0 or 2y? = \.
x If y = 0, then z = y = 0, so 2% = 1, which means f(x,y,z) = 1.
* If 2y* = ), the third equation says either z = 0 or 22% = \.
- If 2 =0, then z = 2 = 0, so y* = 1, which means f(z,y,2) = 1.
- If 222 = A\ then 2y = 222, s0 22 = 0, y* = 2% = 1. So f(z,y,2) = 1.
- If 222 = ), the second equation says either y = 0 or 2y% = ).
* If y = 0, then the third equation says either 2 = 0 or 22% = \.
-Ifz=0,theny =2=0,s02> = 1,50 f(x,9,2) = 1.
- If 222 = )\, then 222 = 222, s0 22 = 2% = % while y*> = 0, so f(z,y,2) =
1
5
* If 2% = ), the third equation says either z = 0 or 22% = \.
- If z = 0, then 222 = 2y while 2? = 0, s0 2% = y* = 3,50 f(2,y,2) = 1.
- If 222 = ), then 222 = 2% = 222, s0 2% = > = 22 = % So f(x,y,2) =
1

g.
Combining these, the global minimum is £, and the global maximum is 1.

Exercise 2. Find the global maximum and minimum values of f on the given region.
(1) f(z,y) =2° +y* + 4z — 4y, ona? + 3> <9
() f(z,y) =22* +3y* — 4z — 5, on 2? + y* < 16

3) f(z,y) =sin(z +y), on 2* + zy + y* < 3
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4) f(z,y,2) =zyz,ona? +y?> + 22 <1
G5) flz,y,2) =2+ y* + 22, onat +y* +21 <1
©6) flr,y,2) =2 +y* + 2 ona? +y* + 22+ oy —xz—yz <1

Solution.

(1) Use the 4-step process.
e Step 1: Find the critical points. Note that

Vi(x,y) = (2x + 4,2y — 4)

so Vf(z,y) = (0,0) means 2z +4 = 0and 2y — 4 = 0, or z = —2 and y = 2. Since
(—2,2) does belong to the region 22 + y* < 9, (—2,2) is a critical point.

e Step 2: Find the max/min values of f at the critical points. Both the max and min
values of f are f(—2,2) =4+4—-8—-8=—-8.

e Step 3: Find the global max/min of f on the boundary. On the boundary we have
a constraint g(z,y) = 9, where g(z,y) = 2? + 3*. By the method of Lagrange
multipliers, we would like to find a point (x, y) where V f(z,y) = (22 + 4,2y — 4 is
parallel to Vg(z,y) = (2x,2y). This can happen either when Vg(z,y) = (0,0) or
there is A such that V f(z,y) = AVyg(z,y).

- IfVg(z,y) = (0,0), thismeans z = y = 0, which does not satisfy the constraint
2+ y*=0.
— Suppose there is A such that (2x + 4,2y — 4) = \(2x, 2y). Then

20 +4 =2z, 2y—4=2\y

or
2=A—1z, -2=(A\-1)y
so (A — 1)z = —(A — 1)y. Thus, either A = 1 or x = —y.
« If A\ = 1, then 2 = (A — 1)z implies 2 = 0, so this doesn’t make sense.
x If v = —y, then 22 + y? = 9 implies that 222 = 9, or z = \3[ or —\%. Thus
the Lagrange critical points are (\%, — \%) and (—7 %)
Thus the Lagrange critical points are (\%, — \3/) and ( —7 %) and over them the
Valuesoffaref(32,—%):9+\1/—2§+\1/—2§—9+12\/§andf( )— —\1/25—
Z=9-12V2
e Step 4: Compare the values from Step 2 and Step 3 and take the max/min. The maxi-
mum will be 9 + 12v/2 and the minimum will be —8.

(2) Use the 4-step process.
e Step 1: Find the critical points. Note

Vf(x,y) = <4ZL‘ - 4a 6y>

so if (x,y) is a critical point, 4x — 4 = 0 and 6y = 0, or x = 1 and y = 0. The point
(1,0) appears in the region 2% + y? < 16, so is a critical point.

e Step 2: Find the max/min values of f at the critical points. This would be f(1,0) =
2—4-5=-T.

e Step 3: Find the global max/min of f on the boundary. On the boundary, we have a
new constraint g(x,y) = 16 where g(z,y) = 2% + 3. By the method of Lagrange

multipliers, the Lagrange critical points happen when V f(x,y) = (4x — 4,6y) is
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parallel to Vg(x,y) = (2, 2y). This happens either when Vg(z,y) is zero or when
there is a number A such that V f(x,y) = AVg(z,y).
- If Vg(z,y) = (0,0), this means x = y = 0, which contradicts the constraint

2%+ y? = 16.
— Suppose there is a number A such that (4z — 4,6y) = (2, 2y). This means
that

dr — 4 =2 x, Gy =2\y,
so from the second equation, either A = 3 or y = 0.
x If A = 3, then the first equation says 4x — 4 = 6z, or 20 = —4, or & = —2.
From this, z2 + y? = 16 becomes y? = 12, so y = /12 or —/12. So we
obtain two Lagrange critical points (—2,1/12) and (-2, —/12).
* If y = 0, then 22 + 4? = 16 becomes 22 = 16, so & = 4 or —4. So we obtain
two Lagrange critical points (4,0) and (—4, 0).
At the four Lagrange critical points, (—2,v/12), (=2, —/12), (4,0) and (—4,0), the
values of f are

f(=2,V/12) =8+ 36+8—5 =47

f(=2,—V12) =8+ 36 +8 — 5 =47
f(4,0)=32-16—5=11
f(—4,0)=32416—5 =43

So the global maximum value on the boundary is 47 and the global minimum value
on the 11.

Step 4: Compare the values from Step 2 and Step 3 and take the max/min. The global
maximum is 47 and the global minimum is —7.

(3) Use the 4-step process.

Step 1: Find the critical points. We have

Vf(x,y) = (cos(z +y), cos(x +y))

so the critical points happen when cos(x 4 y) = 0. This happens when x + y is an
odd integer times 5 (such as 5 37”, —g)

Step 2: Find the max/min values of f at the critical points. We have = + y equal to an
odd integer times 7, so sin(x + y) is either 1 or —1. So the maximum value on the
critical points is 1 and the minimum value on the critical points is —1.

Step 3: Find the global max/min of f on the boundary. On the boundary we have
another constraint g(z,y) = 3 where g(z,y) = 2?4+ ry+ y*. Lagrange critical points
are when V f(z,y) = (cos(z + y), cos(x + y)) is parallel to Vg(z,y) = 2z +y,z +
2y). This happens when either Vg(z,y) is zero or there is a number A such that
Vf(z,y) = AVg(z,y).

- If Vg(z,y) = (0,0), this means 2z + y = 0 and = + 2y = 0. Subtracting the
second equation from the first equation, we get  — y = 0, or z = y. Plugging
this back into 2z +y = 0, we get 3z = 0, or x = 0. So z = y = 0. This conflicts
with the constraint 22 + zy + y* = 3.

— If there is a number A such that (cos(x + y), cos(z + y)) = A2z + y,x + 2y),

this means A(2z + y) = A(z + 2y), or A(x — y) = 0. So either A = 0 or x = .
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* If A = 0, then cos(z +y) = 0, s0 Vf(z,y) = (0,0), so this case is analyzed
already:.

x If 7 = vy, then the constraint 22 + zy + > = 3 becomes 322 = 3, or 22 = 1,
sox=1lorz=—1.0n(1,1)and (—1, —1), the values of f are sin(2) and
sin(—2).

e Step 4: Compare the values from Step 2 and Step 3 and take the max/min. So the
global maximum value of f is 1, and the global minimum value of f is —1.
(4) Use the 4-step process.
e Step 1: Find the critical points. Note

Vi(z,y,2) = (yz, 22, 2y),
so this is zero if yz = 0, xz = 0, and xy = 0. The first equation means either y = 0
or z = 0. Either way, f(z,y, 2) = zyz is 0 on a critical point.
e Step 2: Find the max/min values of f at the critical points. This is already dealt above.
e Step 3: Find the global max/min of f on the boundary. On the boundary, we have a
constraint g(z, y, 2) = 1, where g(z, vy, z) = x*>+y*+2% Lagrange critical points hap-
pen when V f(x,y, z) = (yz,xz, xy) are parallel to Vg(x,y, z) = (2, 2y, 2z). This
happens either when Vg(x, y, z) is zero or there is a number A such that V f (z, y, 2) =
AVg(z,y, 2).
- If (22,2y,22) = (0,0,0), z = y = z = 0. This contradicts with the constraint
2+ 42 =1
— If there is a number A such that V f(z,y, z) = AVg(z, v, z), we have
yz =2 r, xz=2\y, xy=2X\z

So
ryz = 2022, wyz =207, wyz = 2\2°
so 2 x?2 = 2\y? = 2)22. So either A = 0 or 22 = 3? = 22
x If A =0, then Vf(z,y,z) = (0,0,0), so this is already deal with.
x If 2 = y? = 22, then from 2% + y* + 2° = 1, we have z, y, z equal to either
\/Lg or —\/Lg. So xyz is either ﬁg or _#g-
e Step 4: Compare the values from Step 2 and Step 3 and take the max/min. The global
maximum value is ﬁg’ and the global minimum value is _ﬁg'
(5) Use the 4-step process.
e Step 1: Find the critical points. Note

Vf(zr,y,z) = (2x,2y,2z)

So the critical point is (0, 0, 0).

e Step 2: Find the max/min values of f at the critical points. On the critical point,
£(0,0,0) = 0.

e Step 3: Find the global max/min of f on the boundary. On the boundary we have an
extra constraint g(z,y,2) = 1 where g(z,y,z) = z* + y* + 2%. Lagrange critical
points happen when V f(x,vy, z) is parallel to Vg(x,y,z) = (4a°,4y> 423). This
happens either when Vg(z,y, z) is zero or when there is A such that V f(z,y, z) =
AVy(z,y, z).

- IfVyg(z,y,z) = (0,0,0), then x = y = z = 0, which contradicts the constraint
2t yt 2t =1,
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— If there is A such that (2z, 2y, 22) = A(4a3, 433, 423), we have
20 =4 x®, 2y =4\yP, 22 =4\

From the first equation, either = 0 or 2 = 4z
* If x = 0, the second equation tells either y = 0 or 2 = 4\y°.
- Ify = 0, then x = y = 0 implies z* = 1, so 22 = 1. So the value of f is 1.
- If 2 = 4)y?, then the third equation tells either 2 = 0 or 2 = 4z,
If z = 0, then z = z = 0 implies y* = 1, so y*> = 1. So the value of f is 1.
If 2 = 4)\22, then 3% = % = 22 while z = 0, s0 2y* = 1 or y* = %, SO
y? = \% = 22, so the value of f is \% = /2.
x If 2 = 4\z?, then 22 = % The second equation tells either y = 0 or
2 = 42
- If y = 0, then the third equation tells either 2 = 0 or 2 = 4\z2.
If 2 = 0, then y = 2z = 0 implies that z* = 1, or 22 = 1. So the value of
fis 1.
If 2 = 4\z2, then 22 = % Sox? = z?whiley = 0,50 22* = 1, or 2* = %,
or x? = \% = 22. So the value of f is v/2.
x If 2 = 4\y?, then y? = % = 2. The third equation tells either z = 0 or
2 = 4)\22.
- Ifz =0, then 22* = 1, or 2* = %, or x% = \/LE = 1%, so the value of f is

V2

-If2:4)\22,then22:%:x2:y2,so3x4:1,orx4:

so the value of f is V3.
e Step 4: Compare the values from Step 2 and Step 3 and take the max/min. The global
maximum value is v/3, and the global minimum value is 0.
(6) Use the 4-step process.
e Step 1: Find the critical points. Note

Vfi(x,y,z) = (2x,2y,2z)

so the critical point is (0, 0, 0).

e Step 2: Find the max/min values of f at the critical points. On the critical point
£(0,0,0) = 0.

e Step 3: Find the global max/min of f on the boundary. On the boudnary there is a
constraint g(z,y, z) = 1 where g(x,y, z) = 2* + y* + 2° + vy — vz — yz. Lagrange
critical points happen when V f(z, y, 2) is parallel to Vg(z,y, z) = 2x+y — 2,2y +
x — z,2z — x — y). This happens when either Vg(z, y, z) is zero or there is a number
A such that Vf(x,y, z) = AVyg(z,y, 2).

- IfVyg(z,y,z) = (0,0,0), we have
2 +y—2=0, 2y4+2—2=0, 2z2—x—y=0
If you add all three, we get 2z + 2y = 0, orz +y = 0. So 2z = 0, s0 2 = 0.
So2z+y=2=0,s0or =0,andy = 0. But 2 = y = 2z = 0 contradicts the

constraint 2% + y? + 22 + 2y — 12 — yz = 0.
— If there is A such that V f(z,y, z) = AVg(z,y, z) we have

2e=A2x+y—2), 2y=A2y+z—2), 22=AN2z—x—y)
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If you subtract the second equation from the first equation, you get
2(z —y) = Mz —y),
so eitherz —y =0or A = 2.
x If v —y = 0, then x = y, so we have
2e =A3x —z), z=Az-—2)
If you add them you get
20+ z=2)\z
s0 z = 2(A — 1)z. On the other hand, the second equation tells you Az =
(A—=1)z,s0
M= (\A—1)z=2(A— 122 = (2A? — 4\ + 2)z
so either z = 0 or A = 2)\% — 4\ + 2.
- If x = 0, then y = 0, so the constraint becomes z? = 1, so the value of f
is 1.
CIEA=2) — 4\ +2,then 2\ — 5\ +2 = 0,50 (2A — 1)(A —2) =0, so
either A = % or A = 2.
If A = 1, then we have

1 1
2x:§(3x—z), z:é(z—x)
or
dr=3xr—2, 2z2=z-—x
or z = —x. So x = y = —z. The constraint becomes 62> = 1, or 2% =

so the value of f is %

If A = 2, then we have
20 =203x —z), z=2(z-—u1),

D=
"

or
20 =0 — 2z, z=2z-—2x
or 2x = z. The constraint becomes 3z% = 1, or 2% = % So the value of f
is 2.
* If A = 2, then we have
r=2x+y—z2, yY=2y+xr—2 2=22—x—1Y,
so z + y = z. The constraint becomes
Pyt @ty ey — (e ty)’ =1
or x? + xy + y? = 1. The value of f is then 22 + 4> + (v + y)? = 222 +
2ry + 22 = 2.
e Step 4: Compare the values from Step 2 and Step 3 and take the max/min. So the
global maximum is 2 and the global minimum is 0.

O

Exercise 3. Find the global maximum and minimum values of f subject to the given constraint.

1) f(z,y) =2y, onz’>+y* =1,y > 0.
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@) flz,y)=e (22 + 2y, ona?+y2=4,2+y > 0.
3) flx,y,2) =zyz,onz® +y* + 22 =3,2 > 0.

Solution.

(1) Use the 4-step process.
e Step 1: Find the Lagrange critical points. This happens when V f(x,y) = (2xy, z?) is
parallel to Vg(z, y), where g(z,y) = 2? 4+ y*. So Vg(z,y) = (2x, 2y). This happens
when either V¢(z,y) is zero or there is a number A such that V f(z,y) = AVg(z, y).
- IfVg(z,y) = (0,0), then x = y = 0, which contradicts the constraint x> +y? =
1.
— If there is A such that V f(z,y) = AVg(z, y), we have

20y = 2 x, 22 =2y

so 2zy? = 2\zy = 2. Thus either z = 0 or 2y = 2°.

x If x = 0, then the value of f is 0.

% If 2y? = 22, then the constraint becomes 3y*> = 1, or y*> = 1. So y = \/ig or
—\/ig, but the latter is excluded as we also have y > 0. Soy = \/ig, x? = %,

so the value of f is 3—23
e Step 2: Find the max/min values of f at the critical points. We did this earlier with

Step 1.
e Step 3: Find the global max/min of f on the boundary. The boundary are when y = 0,
sox = 1 or x = —1. In any case, the value of f is 0.

e Step 4: Compare the values from Step 2 and Step 3 and take the max/min. So the

global maximum is % and the global minimum is 0.
(2) Use the 4-step process.

e Step 1: Find the Lagrange critical points. Note 2 + y? = 4, so f(x,y) = e *(4 + ¢?).
So V f(x,y) = (0,2e~*y). Lagrange critical points are when V f(x,y) = (0,2e™y)
is parallel to Vg(z,y) where g(x,y) = 2% + y*. So Vg(z,y) = (2z,2y). This can
only happen when 2z = 0. So y? = 4,s0y = 2ory = —2. Since z +7y > 0,y = 2. So
(0,2) is a Lagrange critical point.

e Step 2: Find the max/min values of f at the critical points. At (0, 2), the value of f is
8e~4.

e Step 3: Find the global max/min of f on the boundary. The boundary points are when
t+vy=0andz?+y? =4.Sincey = —x,50 222 =4 orz® = 2or z = /2 or —V/2.
Then y? = 2, so the value of f is 6e~%.

e Step 4: Compare the values from Step 2 and Step 3 and take the max/min. The global
maximum is 8¢~* and the global minimum is 6e~%.

(3) Use the 4-step process.

e Step 1: Find the Lagrange critical points. They happen when V f(x, y, z) = (yz, xz, xy)
is parallel to Vg(z, y, z) where g(x,y, 2) = 2*4+y*+2% So Vg(x,y, 2) = (2z, 2y, 22).
This is the case when either Vg(z,y, 2) is zero, or there is a number A such that
Vf(x,y,z) = AVg(z,y,2).

- If Vg(z,y, 2) is zero, then x = y = z = 0, which contradicts the constraint
24+ y? + 2% =3.
28



— If there is A such that V f(z,y, z) = AVg(z,y, z), we have
yz =2 r, xz=2\y, xy=2\2

SO
ryz = 2022, xyz = 2\y°%,  zyz = 2\2°
so 2\x? = 2 \y? = 2)z2. So either A = 0 or 22 = 9% = 22
x If A =0, then yz = vz = zy = 0, so in any case zyz = 0.
x If 22 = y? = 22, then the constraint becomes 32> = 3,or 2> = 1,orz = 1
or—1.Soy=1lory=—1l,andz =1orz= —1. Notez > 0,50z =1
only happens. In any case, the values of f are either 1 or —1.
e Step 2: Find the max/min values of f at the critical points. The max is 1 and the min
is —1.
e Step 3: Find the global max/min of f on the boundary. On the boundary, it is 2?+y* =
3 and z = 0. On that, zyz = 0.
e Step 4: Compare the values from Step 2 and Step 3 and take the max/min. The global
max is 1 and the global min is —1.

O

Exercise 4. Find the global maximum and minimum values of f on the given region.
(1) f(z,y) = 2® — 122 + y> — 12y on the region

D={(z,y) | (z+2)°+(y+2)* <13, > -5}

(2) f(x,y) = x + y on the region
D={(z,y)|0<2<1, ex® <y<e”}

(3) f(z,y,2) = 2 + y + 2* on the region

D={(z,y,2) | &* + 9 +2* <1, 2 >0, y >0}
(4) f(x,y,2) = zz + yz — xy on the region

D={(z,y,2)|22>2>+9* 2-2)?2>2"+9° 0<2<2}
Solution.

(1) Use the 4-step process.
e Step 1: Find the critical points. The critical points are when V f(z,y) = (0, 0), so

(327 — 12, 3y* — 12) = (0, 0)

This happens when 22 = 4and y?> = 4,s0 2z = 2 or —2 and y = 2 and y = —2. Since
(x +2)%+ (y + 2)* < 13, (2,2) is excluded, whereas (2, —2), (—2,2) and (-2, —2)
are okay. So, there are three critical points, (2, —2), (—=2,2), (=2, —2).

e Step 2: Find the max/min values of f at the critical points. At (2, —2), f(2,—-2) =
8—24—8+24=0. At(=2,2), f(~2,2) = —8+ 24+ 8 — 24 = 0. At (-2, —2),
f(—=2,-2) = =8+ 24 — 8 4 24 = 32. So, the max at the critical points is 32, and the
min at the critical points is 0.

e Step 3: Find the global max/min of f on the boundary. The boundary is consisted of

two parts, the vertical line x = —5 and the arc (x + 2)% + (y + 2)* = 13.
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- Ifz = —5,then (z+2)?+(y+2)? < 13 implies (y+2)? < 4,50 —4 < y < 0. On
this, the constrained optimization problem is to optimize f(—5,y) = —125 +
60 + 12 — 12y = 9> — 12y — 65 0on —4 < y < 0.

* Critical points are when f’(y) = 3y> — 12 = 0,or > = 4, ory = 2
or —2. Since —4 < y < 0, y = —2 is the only possibility. Aty = —2,
F(=2) = —8+ 24— 65 = —49.

* Boundary pointsare y = —4 and y = 0, at which f(—4) = —64+48—65 =
—81, and f(0) = —65.

So, on the vertical line, the max is —49 and the min is —81.

- If (z+2)%*+ (y+2)? = 13, the boundary points are vt = —5,s0y = —4ory = 0.
So (—5, —4) and (—5, 0) are boundary points. This is a constrained optimization
with boundary, where the constraint is g(,y) = 13, where g(z,y) = (z+2)?+
(y +2)*. So by Lagrange multipliers, we want V f(z,y) = (3z% — 12, 3y* — 12)
parallel to Vg(z,y) = (2(z + 2),2(y + 2)). This happens either when Vg is
zero or there is A such that Vf(x,y) = AVg(z,y).

x If Vg(z,vy) is zero, this means x = —2 and y = —2. This does not satisfy
the constraint (x +2)? 4 (y +2)? = 13, so this possibility does not happen.

* If there is A such that V f(z,y) = AVg(z,y), we have

3z —4) =2\ +2), 3(y*—4) =2y +2).

From the first equation, we have either z + 2 = 0 or 3(x — 2) = 2\. From
the second equation, we have either y + 2 = 0 or 3(y — 2) = 2\. Thus
eitherz = -2,y = —2o0rx =y.
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If 2 = —2, then the constraint says that (y +2)? = 13,s0y = —2++/13 or
y = —2—+/13. We have f(—2, -2 ++/13) = =8 + 24 + (-2 + V/13)® —
12(=2 +V/13) = —46 4 13v/13 and (-2, -2 — V/13) = —46 — 13/13.
If y = —2, then the constraint says that (v 4+ 2)? = 13,s0 2 = —2 + /13
orx = —2—+/13. Butz = —2 — /13 is outside the range v > —5, so only
r = —2 + /13 is possible. Then f(—2 + /13, —2) = —46 + 13\/_

Ifz =y, then (z+2)? = £, s0z = -2+ /2 or =2 — /23, Both lie in
x > —b, so the final Lagrange critical points are (—2 + 7, —244/ 7

and (-2 — /% -2 — /1) Then
/13 /13 /13, /13
_ - _ Y =9(— 7Y 94(— -
2+ 5 2+ 2) 2(—2+ 2) 24(—2 + 2)

13 13 13 /13 13
=2(—8+12 — + =/ =) + 48 — 244/ —
(—8+ ) —6- 5t 3 2)+8 5
37 /13 13
47 + — 48 — 24
=2(— 7+2 2)+8 5
13
= —46 + 134/ —
* 2

and f(-2— /48, —2— /%) = ~16 - 13, /2.

Thus, the max on the arc is —46+13+/13 and the min on the arc is —46—13/13.

So the max on the boundary is —46 + 131/13 and the min on the boundary is —46 —
13v/13.

e Step 4: Compare the values from Step 2 and Step 3 and take the max/min. The global
max is 32 and the global min is —46 — 13v/13.

(2) Use the 4-step process.

e Step 1: Find the critical points. As V f(z,y) = (1, 1), there is no critical point.

e Step 2 is thus skipped.

e Step 3: Find the global max/min of f on the boundary. The boundary is divided into
three parts, the vertical line {(0,y) | 0 < y < 1}, the upper curve {(z,y) |0 < z <

1,y = €*}, and the lower curve {(z,y) | 0 < z < 1,y = ex?}.
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— On the vertical line, the function becomes f(y) = y, and its maxon 0 <y < 1
is obviously 1 and its min is 0.

— On the upper curve {(z,y) | 0 < z < 1,y = €”}, we are solving constrained
optimization of f(z,y) with constraint g(x,y) = 0 where g(z,y) = y — €%,
with boundary. Note the boundary points are when x = 0 and x = 1, which
corresponds to y = 1 and y = e. The Lagrange critical points happen when
Vf(xz,y) = (1,1) is parallel to Vg(z,y) = (—e”,1). This happens only if
—e® = 1, which is impossible, so there is no Lagrange critical point. On the
boundary, (0, 1) gives f(0,1) = 1,and on (1, ¢e), f(1,e) = e + 1. So the max is
e + 1 and the min is 1.

- On the lower curve {(z,y) | 0 < x < 1,y = ex?}, we are solving constrained
optimization of f(z,y) with constraint g(z,y) = 0 where g(z,y) = y — ex?,
with boundary. Note the boundary points are when z = 0 and x = 1, which
corresponds to y = 0 and y = e. The Lagrange critical points happen when
Vf(xz,y) = (1,1) is parallel to Vg(x,y) = (—2ex,1). This happens only if
—2ex =1l,orx = —é, which is out of range, so there is no Lagrange critical
point. On the boundary, (0,0) gives f(0,0) = 0,and on (1,e), f(1,e) = e+ 1,
so the max is e 4 1 and the min is 0.

So the max on the boundary is e + 1 and the min on the boundary is 0.
e Step 4: Compare the values from Step 2 and Step 3 and take the max/min. So the
global max is e 4 1 and the global min is 0.
(3) Use the 4-step process.
e Step 1: Find the critical points. Note that

Vilx,y,z) = <4£L‘3, 1,2z),

so this is never a zero vector as the second component is 1. So there is no critical
point.

e Step 2 is skipped.

e Step 3: Find the global max/min of f on the boundary. The boundary is divided into
three parts, the spherical part 72 + y? + 22 = 1, z,y > 0, the xz-plane part, namely
y = 0,22+ 22 < 1and x > 0, and the yz-plane part, namely x = 0, y? + 2* < 1 and
y = 0.
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— The problem over the spherical part 22 + ¢y + 22 = 1, x,y > 0 is a constrained
optimization with boundary. The constraint function is g(z,y, 2) = 2% + y? +
22, which is set to be 1. Thus the Lagrange critical points are obtained when
Vf(x,y,z) = (423,1,22) is parallel to Vg(x,y,2) = (2x,2y,2z). This hap-
pens either when Vg is zero or there is A such that (423, 1,22) = A\(2z, 2y, 22).
The former case happens when x = y = 2z = 0, which is not allowed because of
the constraint z? 4 y* + 22 = 1, so the latter case is the only possibility, where
we have

43 =2z, 1 = 2\y, 22 = 2)\z.
The third equation tells either A = 1 or 2 = 0. If A\ = 1, then we have

4o =22, 1=2y,
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soy = %, and either x = 0 or 222 = 1, so 22 = %, SO X = \/i? (because = > 0).
The case x = 0 or z = 0 is on the boundary so they will be dealt later anyways.
Thus we only need to consider y = £ and z = \/iﬁ Then z* + y* + 2% = 1 gives

? = 1,50 2z = 5 or z = —1. Thus we get points (\%, %,3)and (\/Li’ z,—1),0n
which we have f = 1.
The boundary is naturally divided into two parts, z = 0, y = 0.

* If x = 0, the function to be maximized/minimized is f(y, z) = y + 22, with
constraint y* + 22 = 1, y > 0. This again is constrained optimization.
Note Lagrange critical points happen when V f(y, z) = (1,2z) is parallel
to Vg(y,2) = (2y,2z), where g(y,2) = y* + 2% So either Vg is zero or
there is A such that V f(y, z) = AVyg(y, 2).

If Vg(y,z) = (0,0), then y = z = 0, which is not allowed because of the
constraint * + 22 = 1. So there is A such that Vf(y,2) = AVg(y, 2),

which means
1=2\y, 2z=2\z

From the second equation, either z = 0 or A = 1. If 2 = 0, then y* =
y=1(byy > 0), so the value of fis 1. If A = 1, theny = 1, s0 2% =
z= ‘/73 or —‘/7§. So the value of f is % + % = g. There is boundary, y = 0.
Ify =0, then 22 = 1,s0 2 = 1 or z = —1, so the value of f is 1. So the
max on this boundary is %, and the min on this boundary is 1.

x If y = 0, the function to be maximized/minimized is f(z,z) = z* + 22,
with constraint 22 + 2> = 1, x > 0. This is constrained optimization.
Lagrange critical points happen when V f(x,2) = (423,2z) is parallel to
Vyg(z,z) = (2z,22), where g(z, z) = 2+ 2°. So either Vg is zero or there
is A such that V f(z, z) = AVyg(z, z).

If Vg(z,z) = (0,0), then x = z = 0, which is not allowed because of the
constraint 22 + 22 = 1. So there is A such that Vf(z,2) = AVy(x, 2),
which means

, SO
, SO

QO p—t

43 =2z, 2z =2)\z

The second equation tells either z = 0or A = 1. If 2 = 0,theny =2 =0
implies 72 = 1 or z = 1 (because z > 0). Then the value of fis 1. If A\ = 1,
then 423 = 2z, so either v = Q or 222 = 1, or x = \/Li (by £ > 0). The

value at x = 0 is 1, and the value at x = \% is,asy =0, z = \%, so the

value is % + % = %. We’ve already included the boundary which are z = 0.

So the max is 1 and the min is %.
So the max on the boundary of spherical part is 2 and the min on the boundary
of spherical part is %. Since critical point has value 1, these are the global max
and min on the spherical part.
If y = 0, then f becomes f(z,2) = x*+ 22, and the region becomes 7> + 2% < 1
with > 0. The boundary that is not considered in the boundary of spherical
partis x = 0, y = 0. Then f(z) = 2? with 2% < 1, so the max is 1 and the min
is 0. For the critical points, we want (4z3,2z) = (0, 0), which happens at (0, 0)
anyways, so the new value is 0.

34



- Ifx = 0, then f becomes f(y, 2) = y + 2%, and the region becomes y? + 2% < 1
with y > 0. The boundaries are all already considered, and the critical point
doesn’t happen as f,(y,z) =1 # 0.

e Step 4: Compare the values from Step 2 and Step 3 and take the max/min. So we
conclude that the max is 2 and the min is 0.

(4) Use the 4-step process.

e Step 1: Find the critical points. The critical points happen when V f is zero, so (z —
y,z —z,x +y) = (0,0,0). This happens when x = y = z = 0. This is indeed in the
region, and the value is 0.

e Step 2: Find the max/min values of f at the critical points. We did this above.

e Step 3: Find the global max/min of f on the boundary. The boundary is naturally
divided into two parts, 22 = 22 + y> and 0 < 2z < 1, and (2 — 2)? = 2% + y? and
1<2z<2.

-1 L ]

— In the first region, the Lagrange critical points happen when (z —y, z —x, 2 +y)
is parallel to (2z, 2y, —2z). If (2x,2y, —2z) is zero, then x = y = z = 0 and
this is something we already considered. If not,

(z—y,z—x,x+y) = \(2x,2y, —22)
or
z—y=2\r, z—x=2\y, x+y=-—2\z
Adding the first two we get
2z —x—y=2\x+y)

or

22 =02 X+ 1)(xz +y) = 2221 + 1)z
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0 (4A\% + 2X\ + 2)z = 0. Since 4\? + 2)\ + 2 > 0, 2 = 0. Then 2* = 22 4 y?

implies x = y = 0, which is already considered.

The boundary are z* + y* = 1 with z = 1, and (0, 0, 0). The latter is already

considered, and the former gives you a function f(z,y) = = + y — xy to be

optimized on 2% + y* = 1. This is again Lagrange multipliers, where we want

or

l—y=2\x, 1—2=2\y
Subtracting, we get
T —y =2z —y)

so either x = y or A = % If\ = %Wehavel = x + y. So either x = y or

r4+y=1Ifr=ywehaver =y = :I:\/i5 from the constraints, from which

we have f = +v/2 — 2. If 2 + y = 1, from constraints we have

2+ (1-12)*=1,

or —2x + 22% = 0, so either x = 0 or z = 1. At (0,1) we have f = 1 and at

(1,0) again f = 1. So on this boundary the max is 1 and the min is —v/2 — 2.
— In the second region, the Lagrange critical points happen when (z —y, z—x, x+

y) is parallel to (2z,2y, —2z + 4). If (22,2y,4 — 2z) is zero, thenz = y = 0

and z = 2, which gives f = 0. If not,

<Z —Y = x,x—i—y> = )\<2I72y,4 - 22)
z—y=2Xx, z—x=2\y, xT+y=4N—2\z.
Adding the first two we get
2z—x—y=2XNx+y)
or
22 =02 X+ 1)(x +y) = 2221 + 1)z

s0 (4\? +2X\+2)z = 0. Since 4\? +2X\+2 > 0, z = 0. This is not in the region.

The boundary are either the circle we already considered or (0, 0, 2), which is

also considered.

e Step 4: Compare the values from Step 2 and Step 3 and take the max/min. Thus the
max is 1 and the min is —v/2 — 2.

[l
19. LAGRANGE MULTIPLIERS II: MULTIPLE CONSTRAINTS

Exercise 1. Find the boundary of the region, and divide it naturally into parts.
(1) {(z,y) |0 <z +y <1}

@) {(z,y) | 2* +4* <4, z > 1}
3) {(z,y) |z +2y* <0, z+y < —1}
)]O<x<2 0<y<2}

G) {(z,y,2) | >+ +22 <1, z+y <1, z>1}

(6){xy, 2) |2t +yP =2 v+y>1, 2 <5}
36
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Solution.

(1) It divides into two parts,
{(z,y) [z +y =0}

{(z,y) [z +y =1}
(2) It divides into two parts,

{(z,9) |2* +4y* =4, 2 > 1}

{y) |2+ 45> <4, 0= 1)
(3) It divides into two parts,
{(z,9) |2 +2y* =0, z+y < —1}

{(z,9) |z +24* <0, 2 +y=—1}
(4) It divides into four parts,

(5) It divides into three parts,

1
{(z,y,2) |2 +y*+ =1, 2 +y <1, r> 5}
1
{(z,y,2) | 2* +*+ 22 <1, v +y =1, v >}

1
{wy,2) 2"+ +27 <L oty<l o=}
(6) It divides into two parts,
{(,y,2) |* +9>=2", s +y=1, 2 <5}

{(z,y,2) | 2* +y* =2 2 +y>1, 2=5}
0

Exercise 2. Determine whether there is a global maximum or a global minimum of a function f
on a region D, and if they exist, find the values.

() f(z,y,2) =zonD={(z,y,2) |2* +y* +2° =1, 2 +y — 2 =0}

() f(z,y.2) = a? +y?on D = {(,,2) | a2 + g2 + 22 = 50, & — = = 0}

Solution.
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(1) Note that the region is compact. The constraints are g(x,y,z) = 1 and h(z,y,z) = 0
where g(x,y,2) = 22 + y* + 2% and h(z,y,2) = v + y — 2. Thus

Vf(zx,y,z) =1(0,0,1), Vg(z,y,2)=(22,2y,2z), Vh(x,y,z)=(1,1,-1)

Lagrange critical points are when either Vg(z, v, z) or Vh(z,y, z) are zero,or V f (z,y, 2) =
AVy(z,y, z2)+uVh(z,y, z). Note that Vh(z, y, z) isnot zero, and Vg(z, vy, z) = (2, 2y, 22)
is zero if = y = 2z = 0, which does not lie in D because of the constraint 22 +%+2? = 1.
Thus we need to solve

Vf(z,y,2) = AVg(x,y,2) + puVh(z,y,z)

or
0=2 z+pu, 0=2\y+pu, 1=2 z—pu

From the first two equations, 2A\x = 2\y, so either A = 0 or z = y.
o If A = 0, we have x = 0 and 1 = —p, which is a contradiction.
1

e If z = y, the constraints say 22> + 22 = 1 and 2z = 2. Thus, 622 = 1, or v = g5 or
_ 1

- Thus the Lagrange critical points are (\/ié, \/Lé, \/lg) and (—\/Lg, —\/Lé, —\%).
As there is no boundary, the global maximum is \/lg, and the global minimum is —\/lé.
(2) Since the region is compact, we use the 4-step process.

e Step 1. Find the Lagrange critical points. The constraints are g(z,y,z) = 50 and
h(z,y,z) = 0 where g(z,y, z) = z*> + y* + 2? and h(z,y, z) = = — 2. This happens
either when Vg(z,y, z) = (2z,2y,2z) or Vh(z,y,z) = (1,0,—1) is zero, or when
Vf(x,y,z) = A\Vyg(z,y, z) + uVh(z,y, z). The former case can only happen when
2z = 2y = 2z = 0, which does not satisfy 2% + y? + 2% = 50. Thus we need to solve

Vi(z,y,2) = AVg(z,y,2) + uVh(z,y, 2)
or
(2x,2y,0) = A\(2x,2y,22) + p(1,0,—1)
or
20 =2 x+pu, 2y=22y, 0=2X\z—u

From the second equation, either A = 1 or y = 0.
-IfA =1 wehave 2z = 2xr + por 0 = 22 — . So, p = 0 and z = 0. Then
r — 2z = O means = 0, so y* = 50. Thus the Lagrange critical points are
(0,/50,0) and (0, —/50, 0).
- If y = 0, then 2 + 2% = 222 = 50, so the Lagrange critical points are (5,0, 5)
and (—5,0,—5).
e Step 2. Evaluate on the Lagrange critical points. We have f(0, v/50,0) = 50, £(0, —/50,0) =
50, f(5,0,5) = 25, f(—5,0,—5) = 25.
e Step 3. Find the max/min on the boundary. There is no boundary.
e Step 4. Compare. The global max is 50 and the global min is 25.
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20. GLOBAL MAXIMA AND MINIMA, CONTINUED

Exercise 1. Determine whether the following region is closed, bounded or compact.
() {(z,9) ] 2” +y* < 1}

@) {(z,y) | 2* +y* <1}

) {(z,y) [z +y =0}

@) {(z,y) | 2° +y3<1}

) {(z,y) | 2" +y <1}

©) {(z,y) | 2> +y*+2 <1, y >0}

(7) {(z,y,2) | 2> + >+ 2 <1}

®) {(z,y,2) | 2* +y* < 2%}

) {(z,y,2) | 2> + 9%+ 2% <22+ 2y + 22z, 2 > 0}

Solution.

(1) Closed and bounded, so compact.

(2) Not closed but bounded, so not compact.

(3) Closed but not bounded (x can go to oo), so not compact.

(4) Closed but not bounded (x can go to +o00 while y goes to —c0), so not compact.

(5) Closed and bounded (|z| < 1 and |y| < 1), so compact.

(6) Closed. To see if it is bounded, note 22 +y* + < 1is equivalent to (1‘2 +x+ }l) +yt <
or (z + 1)? 4+ y* < 2, s0it is bounded. So it is compact.

(7) Closed, but not bounded (z can go to —o0), so not compact.

(8) Closed, but not bounder (all x, y, 2z can go to co), so not compact.

(9) Closed. To see if it is bounded, note 2% + y* + 2% < 2x + 2y + 2z can be written as

(z% —2z) + (v* — 2y) + (2* — 22) <0,

NPT

>

or
(® =20+ 1)+ (W —2y+1)+ (2 —22+1) <3,
or (x —1)>+ (y — 1)*> + (2 — 1)® < 3, so it is bounded. So it is compact.
U

Exercise 2. Determine whether f has a global maximum and/or minimum on the region, and if
they exist, find the values.

() flz,y) =ay+z+yony>a’

2) f(z,y) =2*>+y* onay >1

)
(3) f(z,y) =2*+3y* — 4z — 6y,onz >0,y >0
4) f(x,y) —acye = on 2z —y =0
5) flz,y) =2* +y —3xy, on all real numbers x, y
6) f(x,y) = 22® — 22y + y* — 27, on all real numbers z, y
(7) flx,y) == +2y,on2x+y2<3
®) f(z,y) =e™, ona®+y’ =16
9) f(x,y,2) =axyz,onxy +2yz + 2z =12, x,y,2 > 0
(10) f(z,y,2) =4w+2y+z,onz? +y+22=1
(11) f(z,y,2) = zIn(z) + yIn(y) + zIn(z) — = n(zyz), on z,y, 2 > 1

Solution. Recall that the “extended 4-step process” is as follows.

e Find critical points.
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e Evaluate on critical points.

e Find the max/min on the boundary.

e Compare to find the max/min candidates.

e Identify the “boundary at infinity.”

e Find the max/min on the “boundary at infinity””
e Compare to determine global max/min.

(1) This is (unconstrained) optimization. We use extended 4-step process.

e Find critical points. Since V f(x,y) = (y+ 1, x + 1), the critical point happens when
y = —1 and z = —1. Since this lies in the region, (—1, —1) is indeed a critical point.

e Evaluate on critical points. At (—1,—1), f(—1,—1) = —1.

e Find the max/min on the boundary. The boundary is given by y = z?. This is a
constrained optimization problem, where the region is again closed but not bounded.
So we use extended 4-step process.

- Find critical points. Here this means we need to find Lagrange critical points,
where the constraint is g(z,y) = 0, g(z,y) = y — 2*. So we want V f(z,y) =
(y+ 1,2 + 1) to be parallel to Vg(z,y) = (—2x, 1). This happens either when
Vyg(z,y) = (0,0) or there is A such that V f(z,y) = A\Vg(x,y).

* Since the second component of Vg(x,y) is 1, this can be never zero.

x f Vf(x,y) = A\Vg(x,y) holds, theny + 1 = —2 Az and x + 1 = \. So,
r=A—landy= -2 \z—1=-2\(A—1)—1= =2\ + 2\ — 1. We are
under the constraint that y = 22,50 —2X\24+2X\—1 = (A—1)? = A\2—2)\+1,
s0 3\2 — 4\ + 2 = (. But this is impossible, since the discriminant is
16 —24 < 0.

Thus there are no (Lagrange) critical points.

- Evaluate on critical points. This is skipped because there are no critical points.

- Find the max/min on the boundary. There is no boundary, so this is skipped.

— Compare to find the max/min candidates. There are no max/min candidates.
Already you see here that there are no global max/min on the boundary. Thus,
the rest of the extended 4-step process is unnecessary.

e Compare to find the max/min candidates. The max candidate is —1, and the min
candidate is also —1.

e Identify the “boundary at infinity.” The boundary at infinity is such that y = +oo (if
x goes to —oo or +00, then y has to be automatically +oco by y > 22, so this case
contains all the boundary at infinity).

e Find the max/min on the “boundary at infinity.” If both x and y go to +o0, which is
certainly possible, f(z,y) goes to +oc as all the terms xy, z, y go to +0oc. So the max
on the boundary at infinity is +o00. If z = —2 while y goes to +oc, then f(z,y) =
—2y — 2+ y = —y — 2 goes to —o0. So, the min on the boundary at infinity is —oo.

e Compare to determine global max/min. Because of the previous step, nothing can be
global max or min. So there are no global max/min.

(2) We use extended 4-step process.

e Find critical points. Note V f(x,y) = (2x,2y), so the critical points are when x =

y = 0. But this doesn’t appear in the region xy > 1, so there are no critical points.

e Evaluate on critical points. This is skipped because there are no critical points.
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e Find the max/min on the boundary. The boundary is 2y = 1, which is again closed
but not bounded region. So this is a new constrained optimization problem.

— Find critical points. This means we need to find Lagrange critical points, with
constraint g(z,y) = 1, g(x,y) = xy. Since Vg(z,y) = (y,x), for Vf and Vg
to be parallel, either Vg is zero or there is A such that Vf = AVg.

x If Vg(z,y) = (0,0), this means x = y = 0. But this doesn’t satisfy the
constraint zy = 1, so this is not possible.

x f Vf = AVg, then 2x = \y and 2y = A\x. Substituting, we get 2z = \y =
)\2

5, SO eitherx = Oor2 = )‘72 Note however x = 0 is impossible under the

constraint zy = 1. If 2 = ’\72 A2 =4, s0either \ =20r A= —2.If A\ = 2,

then x = g, so xy = 1 implies 72 = 1, soeitherz =y =lorz =y = —1.
If \ = —2 then = —y. Then the constraint becomes —2? = 1, which is
impossible.

So the (Lagrange) critical points are (1,1) and (—1, —1).

— Evaluate on critical points. By above, f(1,1) =2, and f(—1,—1) = 2.

- Find the max/min on the boundary. There is no boundary to zy = 1.

— Compare to find the max/min candidates. The max candidate is 2 and the min
candidate is 2.

— Identify the “boundary at infinity.” The boundary at infinity is either x = o0,
at which y has to be 0, or y = £00, at which x has to be 0.

— Find the max/min on the “boundary at infinity.” Either way, the value of f(z, y)
on these boundary at infinity points is always 400, so the max on the boundary
at infinity is +00, and the min on the boundary at infinity is +ooc.

— Compare to determine global max/min. From above, we see there is no global
maximum, while the global minimum is 2.

e Compare to find the max/min candidates. Thus the max candidate and min candidate
are both 2.

e Identify the “boundary at infinity.” The boundary at infinity can be anything involving
00, as long as the signs of x, y match.

e Find the max/min on the “boundary at infinity.” On the boundary at infinity, f = +o0.

e Compare to determine global max/min. From above, there is no global maximum
while 2 is the global minimum.

(3) We use extended 4-step process.

e Find critical points. Note V f(x,y) = (2z — 4, 6y — 6), so the critical point candidate
is (2,1). This is in the region, so this is really a critical point.

e Evaluate on critical points. We have f(2,1) = —7.

e Find the max/min on the boundary. The boundary is consisted of two parts, x = 0
andy > 0,and y = 0and x > 0.

- Ifz =0andy > 0, f(x,y) becomes f(y) = 3y? — 6y. This is another uncon-
strained optimization problem, so we use the extended 4-step process.

« Find critical points. Since f’(y) = 6y — 6, critical point is y = 1. This
appears at y > 0, so this is a critical point.

« Evaluate on critical points. We have f(1) = —3.

* Find the max/min on the boundary. The boundary is y = 0, where the
value is f(0) = —6.
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* Compare to find the max/min candidates. The max candidate is —3, and
the min candidate is —6.
* Identify the “boundary at infinity.” The boundary at infinity is just (0, +-00),
which gives f = +o0 (the largest power of y only matters).
* Find the max/min on the “boundary at infinity.” We did this above.
* Compare to determine global max/min. So the global max does not exist,
and the global min is —6.
e Compare to find the max/min candidates. The global max candidate is —6, while the
global min candidate is —7.
e Identify the “boundary at infinity” The boundary at infinity is either z = 400 or
Yy = +o0.
e Find the max/min on the “boundary at infinity” In any case, f = +oc.
e Compare to determine global max/min. So the global maximum does not exist, and
the global minimum is —7.
(4) We use extended 4-step process.
e Find critical points. In this case we are looking for Lagrange critical points. Note that

Vi(z,y) = ye ™Y — 22y Y gV — 2z’ V)

= (y(1 — 2352)6”2’92@(1 — 2y2)e’x2’y2>
and
Vy(z,y) = (2,-1)
where g(z,y) = 2x — y is set to be 0 as a constraint. Lagrange critical points are

when V f(z,y) is parallel to Vg(x,y). Since Vg(z,y) is never zero, this happens
when there is A such that V f(x, y) = AVg(z, y). This means that

y(l— 2m2)e_$2_y2 =2\, z(1- 2y2)6_”32_y2 = -\

S0
(y(1 — 22%) 4 22(1 — 2y%))e ¥ =0
SO
y(1 —22%) +22(1 —2y*) =0
Using the constraint y = 2z, this becomes
22(1 — 22%) + 22(1 — 82%) = 0

SO
27(2 —102%) =0
so either x = 0 or 2 — 1022 = 0, so either x = 0, \/Lg or —\/Lg. So Lagrange critcial

points are (0, 0), (\/Lg, \/lg) and (—%, —\/lg)

e Evaluate on critical points. On the Lagrange critical points, f(0,0) = 0, f (\/Lg, \%) =
2¢7!and =2 —\%) =27l

e Find the max/min on the boundary. There is no boundary.

e Compare to find the max/min candidates. The max candidate is %6*1 and the min
candidate is 0.

e Identify the “boundary at infinity” The boundary at infinity are (400, +00) and
(—o00, —00).
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e Find the max/min on the “boundary at infinity.” Note that lim,, _, , o, et = limy 4 o0 ez%,
which by L'Hopital is equal to lim,_, o —— = 0. Thus, the value at (400, +00) is

2wer?
0. Similarly, lim, , ., ze™® = 0, so the value at (—oo, —00) is 0 as well. So, the
max/min on the boundary at infinity are 0.
e Compare to determine global max/min. The max/min candidates are thus honest
global max/min, so the global max is 52—6 and the global min is 0.
(5) We use extended 4-step process.
e Find critical points. Note

22

Vf<x7y) = <3.132 - 33/7 3y2 - 313>
so the critical points happen when
322 -3y =0, 3y*— 3a,

or if 22 = y and y? = x. This means that y = 22 = y*. Thus, either y = 0 or 1 = y5.
Thus, either y = 0 or y = 1. In turn, the critical points are (0,0) and (1, 1).

e Evaluate on critical points. We have f(0,0) = 0 and f(1,1) = —1.

e Find the max/min on the boundary. There is no boundary.

e Compare to find the max/min candidates. The max candidate is 0 and the min candi-
date is —1.

e Identify the “boundary at infinity” The boundary at infinity is anything that has
either = or y equal to +00 or —o0.

e Find the max/min on the “boundary at infinity” At (400, 0), f is +00, and at (—o0, 0),
f is —00, so the max on the boundary at infinity is 400, and the min on the boundary
at infinity is —oo0.

e Compare to determine global max/min. Thus there are no global max or min.

(6) We use extended 4-step process.

e Find critical points. Note that

Vf(z,y) = (4o — 2y — 2, —2x + 2y)

so the critical points happen when 4z — 2y — 2 = 0 and —2z 4 2y = 0. So this means
y=x,802x —2=0,orz =y =1

e Evaluate on critical points. At the critical point, f(1,1) = —1.

e Find the max/min on the boundary. There is no boundary.

e Compare to find the max/min candidates. The max candidate and the min candidate
are both —1.

e Identify the “boundary at infinity” The boundary at infinity is anything that has
either x or y equal to 400 or —oo.

e Find the max/min on the “boundary at infinity” At (0, +00), f is 400, so the max on
the boundary at infinity is +0c. On the other hand, since f(z,y) = (z—y)?+2? —2x,
if x is either +00 or —o0, then f is +o00. If x is not +00 or —o0o, then y has to be 400
or —oo, but then f is again +00. So the min on the boundary at infinity is also +o0.

e Compare to determine global max/min. Thus there is no global maximum, while the
global minimum is —1.

(7) We use the extended 4-step process.
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e Find critical points. Note that

Vf(x,y) = <2:L’, 2>

which is never zero. So there are no critical points.
e Evaluate on critical points. This is unnecessary.
e Find the max/min on the boundary. The boundary is 2z + 3> = 3, so we need to solve
a new constrained optimization problem.
— Find critical points. This means that we need to find Lagrange critical points.
The constraint is g(x,y) = 3, where g(z, y) = 2z + y* Thus the Lagrange crit-
ical points happen when V f(z,y) = (2x,2) is parallel to Vg(z,y) = (2,2y).
Since Vg(x,y) is never zero, this happens when there is A such that (2z,2) =
A(2,2y). This means

20 =2\, 2=2\y

Thus, this means z = A, so xy = 1. Using the constraint 2x + y? = 3, this
means % +y? =3,0r 2+ y> = 3y, or y> — 3y + 2 = 0. This can be factorized
as (y — 1)(y* +y —2) = (y — 1)*(y + 2). Thus this is zero if either y = 1 or
y = —2. This means the Lagrange critical poitns are (1,1) and (—3, —2).

— Evaluate on critical points. We have f(1,1) = 3and f(—3,-2) =1 -4 = -1

— Find the max/min on the boundary. There is no boundary.

— Compare to find the max/min candidates. The max candidate is 3, and the min
candidate is —12.

— Identify the “boundary at infinity.” If y is +00, then the constraint says x has to
be —oo. If y is finite, then = cannot be infinite, so the boundary at infinity are
(—00, +00) and (—o0, —00).

— Find the max/min on the “boundary at infinity” At (—oo,400), f is +00. At
(—00, —00), note z = —%, so x? = %, which dominates 2y, so at (—oo0, —00)
f is 400. So the max on the boundary at infinity is 400, and the min on the
boundary at infinity is +-o0.

— Compare to determine global max/min. There is no global maximum, and the
global minimum is —%.

e Compare to find the max/min candidates. There is no max candidate (no global max-
imum), and the min candidate is —%.

e Identify the “boundary at infinity”” The boundary at infinity would be x = —oc.

e Find the max/min on the “boundary at infinity” At z = —oo, 22+ 2y would be always
~+00 unless possibly when y = —o0, but again x < %, so x2 dominates 2. So again
at (—00, —00) the value of f is +o0.

e Compare to determine global max/min. So there is no global maximum, and the global
minimum is —%.

(8) We use extended 4-step process.

e Find critical points. This is a constrained optimization, so we need to find Lagrange
critical points. Thus we want V f(z,y) = (ye™, ze™) to be parallel to Vg(z,y) =
(322, 3y*), where g(x,y) = 16 is the constraint with g(z,y) = z* + y3. This happens

either when Vg(z,y) is zero or there is A such that V f(z,y) = AVg(z, y).
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- If Vg(z,y) = (0,0), then + = y = 0, which doesn’t satisfy the constraint
z? +9° = 16.
- IfVf(z,y) = A\Vg(x,y), we have

ye™ =3 z?,  xe™ = 3\,

so
3\ = xye™ = 3\y°
so either A = 0 or 22 = y>. If A = 0, then ye®™ = 0 and ze®¥ = 0,s0x = y = 0,
which doesn’t satisfy the constraint 2 + 3* = 16. If 23 = 33, then # = y. From
the constraint 2® + 3° = 16, we get 23 = 8, orz = yy = 2.
e Evaluate on critical points. At (2,2), we have f(2,2) = e’
e Find the max/min on the boundary. There is no boundary.
e Compare to find the max/min candidates. The max candidate and the min candidate
are both e*.
e Identify the “boundary at infinity.” The boundary at infinity would be (+o00, —00)
and (—o0, +00).
e Find the max/min on the “boundary at infinity.” The values on the boundary at infinity

ise”> = 0.
e Compare to determine global max/min. There is no global min, and the global max is
4
e

(9) We use extended 4-step process.

e Find critical points. This is a constrained optimization, so we need to find Lagrange
critical points. We thus want V f (x, y, z) = (yz, zz, xy) to be parallel to Vg(z,y, z) =
(y+2z,x+2z,2x + 2y) where g(z,y, 2) = xy+ 2yz + 2zz with the constraint being
g(x,y,z) = 12. This happens either when Vg is zero or V f(z,y,2) = AVg(z,y, 2).

- If Vgiszero,theny + 22z = 0,2+ 22 = 0,2x +2y = 0. Sox = —y, so
y+2z2=0=—y+2zs0zx =1y = 0,and z = 0. This is not possible by the
constraint zy + 2yz + 2zx = 12.

- If Vf(z,y,2) = A\Vg(z,y, z), this means

yz =My +2z2), zz=ANz+22), zy=N2x+2y),
SO
ryz = MNzy + 22z) = Moy + 2yz) = AM(222 + 2y2)

$0 2 \xz = 2 \yz = Axy. So either A = 0, or 222 = 2yz = xy. But A\ = 0 implies
xy = xz = yz = 0, which is not possible by the constraint xy+2yz+2zz = 12.
So 2xz = 2yz = xy, which from constraint implies that zy = 2yz = 220 = 4.
So 2z = x = y, which means x = y = 2 and z = 1 (because of =, y, z > 0).

e Evaluate on critical points. We have f(2,2,1) = 4.

e Find the max/min on the boundary. The boundary is when either z, y, 2 is zero. If so,
the value of f is 0.

e Compare to find the max/min candidates. The max candidate is 4 and the min candi-
date is 0.

e Identify the “boundary at infinity” The boundary at infinity is when either z, y, z is
+o00. If x = 400, then by the constraint we need y = 2 = 0. Similarly for y and 2.
So the boundary at infinity are (0, 0, +00), (0, 400, 0) and (400, 0, 0).
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e Find the max/min on the “boundary at infinity.” At (0,0, +00), yz < 6, so zyz = 0.
Similarly for other boundaries at infinity.

e Compare to determine global max/min. The global max is 4, and the global min is 0.

(10) We use extended 4-step process.

e Find critical points. This is a constrained optimization, so we want V f(x,y, z) =
(4,2,1) to be parallel to Vg(z,y,z) = (2x,1,2z) where g(x,y,z) = 1 is the con-
straint with g(z,y,2) = 2* + y + 2% Since Vg is not zero, there is A\ such that
Vf(z,y,z) = AVg(z,y, z). This means

4=2\r, 2=\1=2\z

So, A = 2 says
4 =4x,1=4z,

sor=1,2= i. From the constraint, this is impossible.
e Evaluate on critical points. This is skipped.
e Find the max/min on the boundary. There is no boundary.
e Compare to find the max/min candidates. There are no max/min candidates, so we
know there is no global max/min without going further.
(11) We use extended 4-step process.
e Find critical points. This happens when

In(zyz) z+y+z ln(:vyz)_a:—l—quz,ln(Z)_i_l_

In(zyz) z+y+=2

Vi(z,y,2)=(n(x)+1- n(y)+1—

3 3z

is zero. If x > v, z, we have

3 3y 3

In(zyz) x4+y+=z In(z3) 3z
3 3 3 3z
so if (z,y, 2) is a critical point with x > y, z,, it should be the case that x = y = z.
Since given any (x,y, z), either x > y,z,y > x,z0r z > x,y, we need z = y = z for
the critical point to happen. If z = y = z, then V f(x, y, 2) is zero.

e Evaluate on critical points. Then f(z,z,z) = 3z In(z) — zIn(2?) = 0.

e Find the max/min on the boundary. The boundary is such that z = 1 ory = 1 or
z = 1. Since the equation is completely symmetric (namely changing the roles of
x,y, z would give the same equation), we only need to consider the case z = 1 to
compute the max/min on the boundary. The new optimization problem becomes to
find the global max/min of

In(z)+1— >lIn(x) +1—

() = win(e) + ylnly) - 2 dnay)

onz,y > 1. We use extended 4-step process.
— Find critical points. We want

In(zy) z+y+1
3 3x
to be zero. If x > vy, then
CIn(zy) z+y+l S
3 3x -

In(zy) z+y+1
3 3y

Vi(x,y)=(In(z)+1-— Jn(y) +1—

In(z?) ~2z+1  In(z) N 1 1

1 1—
n(xH% 3 3 3 T3 3,

In(xz) +1

3z

)



so this is zero if + = y = 1. The same conclusion applies when y > x. Thus,
the critical point would be (1, 1).

Evaluate on critical points. On the critical point, f(1,1) = 0.

Find the max/min on the boundary. The boundary would be z = 1 or y = 1.
Since the equation is completely symmetric, we only need to consider the case
y = 1 to compute the max/min on the boundary. The new optimization problem
becomes to find the global max/min of

2 20 — 2
f(z) =xIn(z) — % In(z) = x3 In(x)
on z > 1. This is a standard optimization problem in one-variable calculus:

we evaluate at the boundary x = 1 which is f(1) = 0, find the critical point
f'(x) = 0 which is

2 2r — 2
3+ g

which can only happen when z = 1 (otherwise each term on the left is strictly
positive), at which f(1) = 0, and see what happens as z — 400, at which
f(z) — 4o00. So the max does not exist, and the min is 0.

Compare to find the max/min candidates. The max candidate and the min can-
didate are both 0.

Identify the “boundary at infinity.” The boundary at infinity would be either x
or y being +oc. Then f goes to 400, as either z In(z) or yIn(y) is the major
term.

Find the max/min on the “boundary at infinity.” So the max/min on the bound-
ary at infinity is +oo0.

Compare to determine global max/min. There is no global max, and the global
min is 0.

=0,

e Compare to find the max/min candidates. The max and min candidates are both 0.

e Identify the “boundary at infinity” The boundary at infinity is either x, y, z is +o0.

e Find the max/min on the “boundary at infinity”” Then f goes to +oc, as either x In(z),
yIn(y) or z1In(z) is the major term.

e Compare to determine global max/min. The global max doesn’t exist, and the global
min is 0.

O

Exercise 3. Determine whether there is a global maximum or a global minimum of a function f
on a region D, and if they exist, find the values.

() f(z,y,2) =2zonD={(2,y,2) |2 +y* = 2%, v +y+ 2 =24}

@) f(z,y,
3) f(z,y,
) f(z,y,
(5) fl(x,y,
©) f(z,y,
7) f(z,y,
8) fl(,y,

Solution.

=r+y+zonD={(z,y,2)|2*+22<2, z+y<1}

=22+’ +22onD={(z,y,2) [z —y=1, 9" - 22 =1}
=yzt+ayonD ={(z,y,2) |ay =1, y* +2* < 1}

=224+ 2y +322on D ={(x,y,2) |z +y+z=1 0 —y+22=2}
=22 +y’+22on D = {(z,y,2) | 2z +y+ 22 =9, bx + 5y + 72 = 29}
=22+ +22onD={(z,y,2) | 22 =2+, 2 +y—2+1=0}
=zyzon D ={(z,y,2) |e+y+z=1,z+y—2=0}
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(1) Since whether the region is compact or not is not clear, we use the extended 4-step process.
e Step 1. Find the Lagrange critical points. The constraints are g(z,y,z) = 0 and
h(x,y, z) = 24 where g(x,y, z) = 2> + y* — 2% and h(z,y, 2) = * + y + 2. Lagrange
critical points are when either Vg(z,y, z) = (2z,2y, —2z) or Vh(z,y,2) = (1,1, 1)
iszero,or Vf(z,y,z) = (0,0,1)is \Vg(z,y, 2) +uVh(z,y, 2). Note that Vh(x, y, z)
is never zero, and Vg(z,y,2) is zero if + = y = z = 0, which does not satisfy

x + y + z = 24. Thus we need to solve

Vf(x,y,z) = AVg(x,y,2) + uVh(z,y, 2)

or
0=2\z + p, =2\y+p, 1==-2 z+pu
From the first two equations, 2 \x = 2\y, so either A = 0 or z = y.

- If A =0, we have y = 0 and ¢ = 1, which is a contradiction.
- If = g, then the constraints say z? = 22% and 2z + 2z = 24, so

22? = 2% = (24 — 2x)* = 42 — 962 + 576

or 22% — 96z + 576 = 0, or 2* — 48z + 288 = 0. Thus (z — 24)? = 288, or
r—24 = 12v/20r —12v/2, or & = 24 + 12/2 or 2z = 24 — 124/2. Thus the
Lagrange critical points are (24 + 12v/2,24 + 122, —24 — 24\/5) and (24 —
12v/2,24 — 124/2, —24 + 24+/2).
e Step 2. Evaluate on the Lagrange critical points. We have f(24+121/2, 24+121/2, —24—
241/2) = —24 — 24+/2 and f(24 — 12v/2,24 — 12V/2, —24 4 241/2) = —24 + 24+/2.
e Step 3. Evaluate on the boundary. There is no boundary.
e Step 4. Find the max/min candidates. The max candidate is —24 + 24+/2 and the min
candidate is —24 — 24/2.
e Step 5. Find the boundary at infinity. Note that 2% + y* = 22 = (24 — z — y)?, so

22 +y? = 2%+ y* + 576 — 48z — 48y + 2xy

or
20y — 48x — 48y + 576 = 0
or
xy — 24x — 24y + 288 =0
or

(x —24)(y — 24) = 288

so definitely = or y can be infinite. If + = +o0, then y — 24 has to be 0, and if
y = Foo, then x — 24 has to be 0. So the boundary at infinity are (+o00, 24, —00),
(—00,24, +00), (24, 400, —0), (24, —00, +00).

e Step 6. Find the max/min on the boundary at infinity. This would be 400 or —oo0.

e Step 7. Compare. There are no global max and no global min.

(2) Since the region is not compact, we use the extended 4-step process.

e Step 1. Find the critical points. Since V f(z,y, z) = (1,1, 1), this is never zero.

e Step 2. Evaluate on the critical points. This is skipped.

e Step 3. Evaluate on the boundary. The boundary is consisted of two parts, {(z, y, 2) | 2>+
=2 r+y<l}and{(z,y,2) |2? +22 <2, x+y=1}
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- On the boundary {(x,y,2) | 2 + 2> = 2, x +y < 1}, we use the extended
4-step process.

* Step 1. Find the Lagrange critical points. The constraint is g(x,y,2) = 2
where g(z,y,2) = 2* + 2% Thus we want Vf(z,y,z) = (1,1,1) to be
parallel to Vg(z,y,z) = (2x,0,22>. This is only possible if x = 2z = 0,
which does not satisfy the constraint 22 + 22 = 2.

% Step 2. Evaluate on the Lagrange critical points. This is skipped.

* Step 3. Evaluate on the boundary. The boundary is the region {(z, y, 2) | z*+
2% =2, x +y = 1}. Since this is compact, we use the 4-step process.

- Step 1. Find the Lagrange critical points. The constraints are g(z,y, z) =
2 and h(z,y,z) = 1 where h(z,y,z) = x + y. This means (1,1, 1),
(2x,0,2z) and (1, 1,0) form a plane. This is only possible if 2z = 0, or
2 = 0. From the constraints, we have y = 1 and 2z? = 2, so the Lagrange
critical points are (0, 1,+/2) and (0, 1, —v/2).

- Step 2. Evaluate on the Lagrange critical points. This is f(0,1,1/2) =
1+\/§andf(0,1,—\/§) =1-—2

- Step 3. Evaluate on the boundary. There is no boundary.
- Step 4. Compare. The max is 1 + V/2, and the min is 1 — /2.

% Step 4. Find the max/min candidate. The max candidate is 1 4 /2, and the
min candidate is 1 — /2.

% Step 5. Find the boundary at infinity. This is only possible if y = —o0.

% Step 6. Find the max/min on the boundary at infinity. Since x, 2z are finite,
f(z, =00, 2) = —cc.

% Step 7. Compare. The global max is 1 4+ v/2, and there is no global min.

- On the boundary {(z,y, z) | * + 2*> < 2,  + y = 1}, this region is compact,
so we use the 4-step process.

« Step 1. Find the Lagrange critical points. This is possible if V f(z,y, 2) is
parallel to VAi(z,y, z), but (1,1,1) and (1, 1, 0) is never parallel.

* Step 2. Evaluate on the Lagrange critical points. This is skipped.

* Step 3. Find the max/min on the boundary. This is already done above. The
max is 1 + v/2, and the minis 1 — v/2.

% Step 4. Compare. The global max is 1 + v/2, and the global min is 1 — v/2.

e Step 4. Find the max/min candidates. The max candidate is 1 + V2, and the min
candidate is 1 — v/2.

e Step 5. Find the boundary at infinity. This is only possible if y = —

e Step 6. Find the max/min on the boundary at infinity. This is —o0.

e Step 7. Compare. The global max is 1 + v/2, and there is no global min.

(3) Since the region is not compact, we use the extended 4-step process.

e Step 1. Find the Lagrange critical points. The constraints are g(m y,z) = 1 and
h(z,y,z) = 1 where g(z,y,2) = v — y and h(x,y,2) = y* — 2% Thus we want
Vf(x,y,z) = (2x,2y,22), Vg(z,y,z) = (1,—1,0) and Vh(z,y, ) 0,2y, —22)
are on a plane. This is the case either when Vg(z,y, z) or Vh(x,y, z) is zero, or
when Vf(z,y,2) = AVyg(z,y,2) + uVh(z,y, z). If the former case happens, then
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y = z = 0, which does not satisfy 3> — 22 = 1. Thus we want
20 =N, 2y=-A+2uy, 2z=-2uz

or
20 = —2x 4+ 2uy, 2z2=-2uz

From the third equation, either ¢ = —1 or z = 0.
- If y = —1,wehave 2y = —2z —2y,so 4y = —2x,orz = —2y. Fromx —y = 1,
—3Jy=1,ory = —%. So é — 22 = 1, which is a contradiction.
- If 2 = 0,wehave 4> = 1,so0y = 1 or —1. Then z = 2 or 0. Thus the Lagrange
critical points are (2, 1,0) and (0, —1,0).

e Step 2. Evaluate on the Lagrange critical points. We have f(2,1,0) = 5and f(0, —1,0) =
1.

e Step 3. Find the max/min on the boundary. There is no boundary.

e Step 4. Find the max/min candidate. The max candidate is 5, and the min candidate
is 0.

e Step 5. Find the boundary at infinity. If any of z,y, 2 is finite, all of them are fi-
nite. The only requirement is x, y have the same sign, so the boundary at infinity are
(+00, +00, +0), (400, +00, —00), (—00, —00, +00), (—00, —00, —0).

e Step 6. Find the max/min on the boundary at infinity. This is +o0.

e Step 7. Compare. There is no global max, and the global min is 1.

(4) Since the region is not compact, we need to use the extended 4-step process.

e Step 1. Find the Lagrange critical points. The constraint is g(x,y, 2) = 1, where
g(x,y,z) = xy. Thus we want V f (2, y, z) = (y, x + z,y) is parallel to Vg(z,y, z) =
(y,x,0). Thus y = 0, which is impossible due to zy = 1.

e Step 2. Evaluate on the Lagrange critical points. This is skipped.

e Step 3. Find the max/min on the boundary. The boundary is the region

{(z,y,2) |zy =1, y* + 2> = 1}

This is again not compact, so we use the extended universal straetgy.

— Step 1. Find the Lagrange critical points. The constraints are g(z,y, z) = 1 and
h(z,y,z) = 1 where h(x,y, 2) = y*> + 2% Thus we want either Vg(z,y,2) =
(y,x,0) or Vh(z,y,z) = (0,2y,2z) is zero, or Vf(x,y,z) = A\Vg(x,y,z) +
uNVh(z,y, z). The former case happens either x = y = 0 or y = z = 0, which
do not satisfy xy = 1. Thus we need to solve

y=2Xy, TH+z=Ax+2uy, y=2uz

From the first equation, either A = 1 or y = 0.
* If A\ = 1, we have

rH+z=x4+2uy, y=2uz
or
z =21y, Y=2pz
or z = 2uy = 4u’z, so either 2 = 0 or 4p” = 1.
- Ifz=0,theny? = 1,s0y = 1 or —1,s0 z = 1 or —1. Thus the Lagrange

critical points are (1,1,0) or (—1, —1,0).
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~If4u2:1,thenu:%or,u:—%. Ifu:%,,z:y,whileif,u——%
z = —y. In any case, y*> + 2> = 1 means 2> = 1,s0y = \% or

_\/Li' Thus using xy = 1, the Lagrange critical points are (1/2, \/Li’ \/Li),
(\/57 %7 _\/Lﬁ)’ (_\/57 _\/Liv \/Li)’ (_\/év _%7 _\/Li)
x If y = 0, xy = 1 is not satisfied.

- Step 2. Evaluate on the Lagrange critical points. We have f(1,1,0) = 1,
{(_17 _170) = 1’f(\/_7 V2’ \1f) - 3 (\/§> %7 _\%) = %’ (_\/_7 _\%7 \/Li)
LV -3~ =

— Step 3. Find the max/min on the boundary. There is no boundary.

— Step 4. Compare to get the max/min candidate. The max candidate is % and the
min candidate is 1.

— Step 5. Find the boundary at infinity. The boundary at infinity can only happen
when r = 400, where y = 0 and 22> = 1. Thus the boundary at infinity is
(£00,0,+1).

— Step 6. Find the max/min on the boundary at infinity. This is 1, because xy = 1.

— Step 7. Compare. The global max is % and the global min is %

e Step 4. Compare to get the max/min candidate. The max candidate is % and the min
candidate is %

e Step 5. Find the boundary at infinity. The boundary at infinity can happen when
x = 400, for which y = 0 and 22 < 1.

e Step 6. Find the max/min on the boundary at infinity. This is 1, because zy = 1.

e Step 7. Compare. The global max is 5 2, and the global min is %

(5) Since the region is not compact, we use the extended 4-step process.

e Step 1. Find the Lagrange critical points. The constraints are g(z,y,2) = 1 and
h(z,y,z) = 2, where g(z,y,2) = x + y + z and h(z,y,2) = x — y + 2z. We want
either Vg(z,y,2) = (1,1,1) or Vh(x,y,z) = (1,—1,2) is zero, or Vf(z,y,2z) =
AVg(z,y,z) + uVh(z,y, z). Since the former is impossible, we want

2v=A+p, dy=XA—p, 62=A+2pu

or
x_)\—l—u A Z_)\+2u
T YTy T T
Plugging these into constraints, we get
A AN—p A+2u 11,7
1= = = —\
L PRl
Abp A—p A42ou T 1T
royter= 1 T3 PRl
Thus - 19
=
=k
77 187
99 — =of
[CRETL
% 138 23
15———u——w



11 35
1l=—)\4+—
12 +46
or%)\: i—éor)\: %.Thus
18611
—a93 YT oy T3

e Step 2. Evaluate on the Lagrange critical points. We have
18 6 11 324472+ 363 759 33
Moy 2323~ 529 © 529 23

e Step 3. Find the max/min on the boundary. There is no boundary.

e Step 4. Find the max/min candidate. The max candidate and the min candidate are
both %

e Step 5. Find the boundary at infinity. Since v +y + 2 = l and x — y + 22 = 2 gives
2x+ 3z = 3, x and 2z have opposite signs. Also, we have 2y —z = —1, so y, 2 have the
same signs. So the boundary at infinity are (+00, —00, —00) and (—o0, +00, +00).

e Step 6. Evaluate on the boundary at infinity. This is +oo.

e Step 7. Compare. There is no global max, and the global min is %

(6) Since the region is not compact, we use the extended 4-step process.

e Step 1. Find the Lagrange critical points. The constraints are g(z,y,2) = 9 and
h(z,y,z) = 29, where g(z,y,2) = 22 + y + 2z and h(x,y,2) = bz + by + 7z.
Thus Vg(z,y, z) = (2,1,2) and h(x,y, z) = (5,5, 7). They are never zero, so for the
Lagrange critical points we need

(2x,2y,22) = X\(2,1,2) + u(5,5,7)

or
20 =22+ 5, 2y=XA+5u, 22=22+Tp
Plugging into the constraints, we get

A+5
2A+5p) + 2 X+ Tu) =9
5 5 7
5(2A+5u)+§(A+5u)+5(2A+7u):29
o 9 29
I+ 2, =9
o T gk
20 99
I+ 22 =29
ATk
50 1. 29
S gy |
SREETL
1. 99
A 21
5" T 5t

sop=0and A\ =2. Thisgivesx =2,y =1,z = 2.
e Step 2. Evaluate on the critical points. We have f(2,1,2) = 9.
e Step 3. Find the max/min on the boundary. There is no boundary.
e Step 4. Find the max/min candidate. The max candidate is 9 and the min candidate is

9.
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e Step 5. Find the boundary at infinity. We have 10x+5y+102 = 45, so dr+3z = 16, s0
x, z have the opposite signs. Also, bx + 2y—|—52 = 2,50 2y—|—2z = 2 , 50 Y, z have the
opposite signs. So the boundary at infinity is (+oo +00, —00) and (—00, —00, +00).

e Step 6. Evaluate on the boundary at infinity. This is +o0c.

e Step 7. Compare. There is no global max, and the global min is 9.

(7) Since the region is not compact, we use the extended 4-step process.

e Step 1. Find the Lagrange critical points. The constraints are g(z,y,2) = 0 and

h(z,y,z) = 0 where g(z,y,2) = 2> — 2> — y* and h(x,y,2) = v+ y — 2 + 1. Thus

Vg(x7 y’ Z) = <_2x7 _Qy’ 22>7 Vh’(x7 y’ z) = <1’ 17 _1>

One of these can be zero if x = y = 2, which does not satisfy the constraints = +y —
2z + 1 = 0. Thus for the Lagrange critical points we need

20 = 2 v +pu, 2y=-2MNy+pu, 22=2XAz—pu
Subtracting the second equation from the first equation, we get
2(r —y) = =2M(z —y),

so eitherz —y =0or A\ = —1.
- If # — y = 0, then from the constraints we get

22 =222 2r—2+41=0,

=2z + 1,80 202 = 22 = (20 + 1)® = 42 + 42 + 1, or 22° + 4z +
= _4i‘/m = _2?/5. Thus the Lagrange critical points are
S5 ;2+f 14 V2 and (= SR 2R 1 —2),

- If A = —1, we have

M

20 =20+ pu, 2y=2y+upu, 22z=-2z—yu,

so it = 0and z = 0. Thus x = y = 0, which does not satisfy xt +y — 2+ 1 = 0.

e Step 2. Evaluate on the critical points. We have f(”%/i, #, —1+\/§) =6—4v2
and f(=25¥2 =22 1 _ \/2) =6 + 42

e Step 3. Flnd the max/mm on the boundary. There is no boundary.

e Step 4. Find the max/min candidate. The max candidate is 6 + 44/2, and the min
candidate is 6 — 4/2.

e Step 5. Find the boundary at infinity. On the boundary at infinity, 2 must be infinite.

e Step 6. Evaluate on the boundary at infinity. On the boundary at infinity, f is +oc.

e Step 7. Compare. There is no global max, and the global min is 6 — 44/2.

(8) Since the region is not compact, we use the extended 4-step process.

e Step 1. Find the Lagrange critical points. The constraints are g(z,y,2) = 1 and
h(z,y,z) = 0, where g(x,y,2) = o +y + z and h(x,y,2) = © +y — z. Thus
Vy(z,y, z) and Vh(z,y, z) are never zero, so we need

Vf(z,y,2) = AVg(z,y,2) + uVh(z,y, 2),
or
yz=A+p, xz2=A+pu, TY=A—p

From the first and the second equations, we have yz = xz, so either y = z or z = 0.
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- If y = x, from the constraints, 2z + 2 = 1 and 2z — z = 0. Adding them we get
dr =1,orz = %, and z = 22 = % Thus (}L, %, %) is a Lagrange critical point.
— If 2 = 0, from the constraints x + y = 1 and x + y = 0, which is contradictory.

e Step 2. Evaluate on the critical points. We have f(3,1,3) = 55.

e Step 3. Find the max/min on the boundary. There is no boundary.

e Step 4. Find the max/min candidate. The max candidate is 3% and the min candidate
is é

e Step 5. Find the boundary at infinity. Adding the two constraints, we get 2z + 2y =
1, so x and y have opposite signs. Subtracting the second constraint from the first
constraint, we get 2z = 1. So z = % So the boundary at infinity are (400, —00, %)
and (—o0, +00, 3).

e Step 6. Evaluate on the boundary at infinity. On both points, the value of f is —oc.

e Step 7. Compare. The global max is % and there is no global min.

0
Exercise 4. Find the distance between two objects.
(1) The distance between the surface xy?z = 2 and the origin.
(2) The distance between the surface z = x? + y* and the point (1, 1,0).
Solution.

(1) The constrained optimization problem is to find the global minimum of f(z,y,z2) =
/12 + y? + 22 given the constraint g(z,y, z) = 2, where g(z,y,2) = zy*2>. Since the
region is not compact, we use the extended 4-step process.

e Step 1. Find the Lagrange critical points. We want V f(x, y, z) = (

T Yy z
\/x2+y2+22 ) \/x2+y2+z2 ) \/x2+y2+22 >
to be parallel to Vg(z,y, z) = (y*23, 2zy23, 3xy?2?). Thisis possible if either Vg(x, y, 2)
is zero or Vf(z,y,2) = AVg(x,y, 2).

- IfVyg(z,y,z) = (0,0,0), y?z> = 0, so either y = 0 or z = 0. This is impossible
because of the constraint xy%23 = 2.

- IfVf(x,y,2z) = A\Vg(z,y, 2), then

x z
= \y?23, Y = 2\xy2?, = 3\zy?2?
Vi +y? 4 22 Vi +y? 4 22 Vaz+y? 4 22
Thus
e 22 2 2

x2—|—y2+22_2 m2+y2—|—22_3 /x2+y2+227

or g = ¥ — % Thus 3> = 222, and z = +/3x. Putting them into the

constraint, we get £6+v/32% = 2. Thus, 2 = /3, and 6v/32% = 2, sor 2° =

#, or = % 57. Thus the Lagrange critical points are (517, :I:?)%7 31/4) and

(=5, £, —314).

T 3174y —31/4>
e Step 2. Evaluate on the Lagrange critical points. We have f (igﬁ, ﬂ:sl%, +31/4) =

VaE+E+Vv3=12v8
e Step 3. Find the max/min on the boundary. There is no boundary.
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e Step 4. Find the max/min candidates. The max candidate and the min candidate are
both v/2V/3.

e Step 5. Find the boundary at infinity. Obviously either x, y, z is £oo0.

e Step 6. Find the max/min on the boundary at infinity. Then f = +oc.

e Step 7. Compare. The global min is v/2v/3.

(2) The constrained optimization problem is to find the global minimum of f(z,y,z2) =

V/(z —1)2+ (y — 1)2 + 22 given the constraint g(z,y, 2) = 0 where g(z,y,2) = z —
2?2 — 1%, Since the region is not compact, we use the extended 4-step process.

e Step 1. Find the Lagrange critical points. We want

Vi(z,y, 2) =

r—1 y—1 Z >
Ve =12+ =12 +22 a1+ (y -2 +22 @z - 12+ (y - 1)° + 2
to be parallel to Vg(z,y, z) = (—2x, —2y, 1). Since Vg(z, y, z) is never zero, we need
to solve V f(z,y,2) = A\Vg(x,y, z). This is

r_1 2\ y_1 2\
= - X, - - ’
N RS S Ve Va-12 112+ !

z

N VT R
From the first equation, + = 0 does not work, as the left side is not 0 if x = 0.
Similarly, y = 0 does not work. Thus we can divide by z or y, so we have

x—1 y—1

T oy 7
or
1 N 1 1 N 1
Zz = —— _ = —— -
2 2z 2 2y
Thus x = y, and z = —% + % Thus the constraint becomes z = 222, so
1 1
M == —— 1+ —
rEEE Tty
or
4o = —x + 1

or4a’+x—1 = 0. Since z = § isaroot, this can be factorized as (2z—1) (222 +z+1) =
0. Thus, either z = 1 or 22% + z + 1 = 0. Since the latter quadratic has discriminant
1 —8 = —7 < 0, this has no root. Thus 2 = § = yand z = 3. Thus (3,3,%) isa
Lagrange critical point.

e Step 2. Evaluate on the Lagrange critical points. We have f (%, %, %) = ‘/73

e Step 3. Find the max/min on the boundary. There is no boundary.

e Step 4. Find the max/min candidates. The max candidate and the min candidate are
both *2.

e Step 5. Find the boundary at infinity. Obviously either x, y, z is £oo0.

e Step 6. Find the max/min on the boundary at infinity. Then the value of f is +oc0.
V3

e Step 7. Compare. The global minimum is 5°.
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